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Chapter 1

Introduction

For any function f ∈ L1(T), its Fourier series is defined as the complex sum

S[f ](t) =

∞∑
n=−∞

f̂(n)eint (1.0.1)

where

f̂(n) =
1

2π

∫ 2π

0
f(t)e−intdt

represents the Fourier coefficient for each integer n. In most undergradu-
ate courses involving differential equations, students are more familiar with
finding the real Fourier series of a function f on the interval [−L,L]. Such
a series is represented by the sum

S[f ](x) =
A0

2
+
∞∑
n=1

[An cos(
nπx

L
) +Bn sin(

nπx

L
)]

where

(i) A0 =
1

L

∫ L

−L
f(x)dx

(ii) An =
1

L

∫ L

−L
f(x) cos(

nπx

L
)dx

(iii) Bn =
1

L

∫ L

−L
f(x) sin(

nπx

L
)dx.

(1.0.2)

This is because the expansion of f on [−L,L] can be useful in finding so-
lutions to differential and partial differential equations. This can only be
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successful if we are able to guarantee that S[f ](x) = f(x) on [−L,L]. In the
chapters to come, we will explore the following two questions:

(I) What properties of f guarantee the series (1.0.1) converges?

(II) If the series does in fact converge, does it converge (or add up) to
f(x) for each x ∈ [−L,L]?

To understand why convergence is key when using Fourier series, let’s con-
sider the following examples:

Example 1.0.1. Fourier series can be used to find exact sums of infinite
series.

To demonstrate this idea, let’s consider

∞∑
n=1

1

n2
. To start, we calculate

A0, An and Bn for f(x) = x2 on [−π, π]. However, since x2 is even and
sin(nπxL ) is an odd function, we see that Bn = 0 for all n by formula (1.0.2).
Therefore, with only having to focus on A0 and An, we see that

A0 =
1

π

∫ π

−π
x2dx =

2π2

3
.

And, by integrating by parts twice, we also have that

An =
1

π

∫ π

−π
x2 cos(nx)dx

=
1

π
[
x2

n
sin(nx)]|π−π −

2

n

∫ π

−π
x sin(nx)dx]

=
2

nπ

∫ π

−π
x(− sin(nx))dx

=
2

nπ
[
x

n
cos(nx)]|π−π −

1

n

∫ π

−π
cos(nx)dx]

=
4(−1)n

n2
.

Hence, our Fourier expansion for x2 on [−π, π] is

S[f ](x) =
π2

3
+
∞∑
n=1

4(−1)n

n2
cos(nx).
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If we assume that S[f ](x) = f(x) on [−π, π], then we know π2 = S[f ](π).
In other words, we must have

π2 =
π2

3
+

∞∑
n=1

4(−1)2n

n2

=
π2

3
+ 4

∞∑
n=1

1

n2
.

Thus, by isolating the series in the above equation, we see that

∞∑
n=1

1

n2
=

π2

6
.

Example 1.0.2. Fourier series may be used to solve partial differential
equations.

To see this in action, we consider a common problem encountered in
partial differential equations. Consider a physical model concerned with the
vertical displacement of a particle on a string of length π. The motion of the
particle on the string at position x is modelled by an initial value problem
for the wave equation:

utt = 2uxx

u(0, t) = 0 = u(π, t)

u(x, 0) = φ(x)

ut(x, 0) = 0

for t > 0 and x ∈ [0, π].

The solution of this problem uses separation of variables. Assume that
u(x, t) = X(x)T (t) for (x, t) ∈ [0, π] × [0,∞). Both T and X satisfy their
own conditions assimilated from the initial conditions in our model:

X(0) = 0 = X(π) and T ′(0) = 0.

Then, by substituting utt = T ′′X and uxx = TX ′′ into our wave equation
utt = 2uxx, we see that

T ′′X = 2TX ′′.

As both T and X act in separable variables, we arrive at two differential
equations; the first for the variable x and the second for t:

X ′′ − λX = 0 and T ′′ − 2λT = 0
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with the boundary (in x) conditions already specified and λ is a constant.
These equations are solved easily using knowledge of differential equations.
Indeed, we find that λ = λn = −n2 and that

Xn(x) = An sin(nx).

are solutions for each n ∈ N where x ∈ [0, π] and An is some constant. And,
by substituting our value of λ into the equation for T , we find

Tn(t) = Bn cos(
√

2nt)

for each n ∈ N where Bn is some constant. Finally, using that u(x, t) = XT ,
together with the principle of superposition, we find that a solution of our
problem may have the form

u(x, t) =

∞∑
n=1

Cn cos(
√

2nt) sin(nx) for constants C1, ..., Cn, ...

As a last step, we use our initial condition. Notice that u(x, 0) =
∑∞

n=1Cn sin(nx)
for each x ∈ [0, π]. In other words, to satisfy the initial distribution condition
φ(x) = u(x, 0), we must assume that φ(x) is equal to its Fourier expansion∑∞

n=1An sin(nx) on [0, π]. With this, we find

Cn =
1

π

∫ π

0
φ(x) sin(nx)dx.

With our two examples above, we see that ensuring the equality S[f ](x) =
f(x) is useful. In the chapters to come, we will explore two notions of equal-
ity. The first is pointwise convergence or that S[f ](x) = f(x) at every
x ∈ [0, 2π]. This is established for continuous functions in Fejer’s Theorem
(see Theorem 4.1.2). Our second notion is convergence in norm with our
main result being Parseval’s Theorem (see Theorem 4.2.1). To develop our
concepts properly, we will first introduce a few preliminary ideas.
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Chapter 2

Preliminaries

With a real Fourier series always being periodic, we can restrict our analysis
to the interval [0, p) ∈ R where p represents the period of the series. To
simplify our work and notion, we will assume our series has p = 2π similar
to what is presented on page 1 in [1]. This allows us to restrict our attention
to the circle π as follows:

Definition 2.0.1. The group T is defined as the quotient R/2πZ where R
is the set of all real numbers and Z is the collection of all integers. In other
words, since T does not include the group 2πZ, the group, or circle T, may
be thought of as the collection of angles t ∈ [0, 2π). As a result of these
identifications, a function is Lebesgue integrable on the circle if and only if
its 2π-periodic extension f̃ : R→ C defined by

f̃(x+ 2kπ) = f(x)

for x ∈ T almost everywhere and k ∈ Z is measurable with∫
T
f(t)dt =

∫ 2π

0
f̃(x)dx <∞.

Thus, by Definition 2.0.1, we may study convergence properties of Fourier
series of 2π-periodic functions by only considering their behaviour on the cir-
cle T. As we will see in chapters to follow, classical notions of integrability
will play a central role in estimates and convergence theorems. With this in
mind, we now define the classical Lebesgue spaces Lp(T).

2.1 Lp Spaces

In the remainder of this thesis, we will mainly be dealing with the classical
Lebesgue spaces L1(T) and L2(T) as a setting for calculations and other
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analysis. However, these two spaces are part of an important scale of Ba-
nach function spaces, the so-called Lp spaces. Due to the importance of
such spaces in modern analysis, we will discuss a general overview of them
while also remembering to pay particular attention to the cases of L1 and L2.

To begin, for a real number p ∈ [1,∞), a measurable function f(x) on T
is said to belong to the class Lp(T) if

‖f‖p = ‖f‖Lp(T) =
(∫ 2π

0
|f(x)|pdx

) 1
p
<∞. (2.1.1)

If p =∞, we say a measurable function f ∈ L∞(T) if

‖f‖∞ = ‖f‖L∞(T) = ess sup
x∈T
{|f(x)|}

= inf{M ≥ 0 : |f(x)| ≤M a.e.}.
(2.1.2)

Both of these collections of measurable functions are normed linear spaces
with respect to the norms just defined. To verify this, we will only have
to focus our attention to two items since it is clear that constant multiples
of functions in Lp remain in Lp. First, we will verify that the sums of
functions in Lp are also in Lp by proving the famous Minkowski inequality
(see Theorem 2.1.2). Then, combined with the closedness of Lp with respect
to constant multiples, this will give us that Lp is a linear space while also
giving that the norms defined above are indeed norms on our spaces. To
prove this, we must refer to Theorem 3.5 in [3]. In other words, to begin,
the proof of Minkowski inequality (Theorem 2.1.2) requires the following
preliminary result that is famous in its own right.

Theorem 2.1.1. (Hölder’s Inequality) Let p and q be conjugate exponents:

1

p
+

1

q
= 1 (2.1.3)

with 1 ≤ p ≤ ∞. Then, given any f ∈ Lp(T) and g ∈ Lq(T),∣∣∣ ∫ fgdτ
∣∣∣ ≤ (∫ |f |pdτ) 1

p
(∫
|g|qdτ

) 1
q
. (2.1.4)

Proof. We begin by considering the case 1 < p < ∞ and we assume that
both f(x) and g(x) are non-negative almost everywhere on T. Let

Ap =

∫
fpdτ and Bq =

∫
gqdτ.
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Then, if A = 0, we have that fp = 0 almost everywhere since for a non-
negative integrable function h, h = 0 almost everywhere if and only if∫
T hdτ = 0. In other words, A = 0 gives f = 0 almost everywhere and

so fg = 0 almost everywhere and∫
fgdτ = 0.

Hence, it is true that∫
fgdτ = 0

=
(∫

fpdτ
) 1
p
(∫

gqdτ
) 1
q
.

The same reasoning is valid if B = 0 giving our result if either A = 0 or
B = 0.

Now, let’s consider the case where 0 < A < ∞ and 0 < B < ∞. For
instance, let’s start by setting

F =
f

A
and G =

g

B
.

Then, we see that

∫
F pdτ =

∫ ( f
A

)p
dτ =

∫  f( ∫
fpdτ

) 1
p


p

dτ =

∫
fpdτ∫
fpdτ

= 1.

And, since G is defined in a similar way to F, we also see that∫
Gqdτ = 1.

Recalling that F,G > 0, we set s = ln(F ) and t = ln(G) and so we also have
F = es and G = et. Then, since 1

p + 1
q = 1, we know by convexity of the

exponential function that

e
x
p
+ y
q ≤ 1

p
ex +

1

q
ey for any x, y ∈ R.

Using this, we see

FG = es+t = e
ps
s
+ qt
q ≤ 1

p
eps +

1

q
eqt

=
1

p
F p +

1

q
Gq.
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Thus, if we integrate both sides of the inequality while keeping in mind our
previous results along with the fact that p and q are conjugate exponents,
we end up with ∫

FGdτ ≤
∫ (1

p
F p +

1

q
Gq
)
dτ

=
1

p

∫
F pdτ +

1

q

∫
Gqdτ

=
1

p
+

1

q
= 1.

Therefore, by going back to our first definitions of F and G, we have that∫
FGdτ =

∫
fg

AB
dτ

≤ 1.

Hence, by our definitions of A and B, we can now conclude that∫
fgdτ ≤ AB

=
(∫

fpdτ
) 1
p
(∫

gqdτ
) 1
q

finishing the proof of our result for 1 < p <∞.

A last note, if f and g are not non-negative, we note that∣∣∣ ∫ fgdx
∣∣∣ ≤ ∫

|f ||g|dx.

Using our previous work with |f | and |g|, we find∣∣∣ ∫ fgdτ
∣∣∣ ≤ ∫

|f ||g|dτ

≤
(∫
|f |pdτ

) 1
p
(∫
|g|qdτ

) 1
q
.

So, let’s now look at what happens when p =∞. Since we know 1
∞ = 0,

if p = ∞, we have that q = 1 by the definition of conjugate exponents.
Given (2.1.2), we know

‖f‖∞ ≥ |f(x)|
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for almost every x ∈ T. Thus, we can say

|f(x)g(x)| = |f(x)||g(x)|
≤ ‖f‖∞|g(x)| a.e.

Hence, by integrating both sides, we now have that∫
|fg|dτ = ‖fg‖1

≤ ‖f‖∞
∫
|g|dτ

= ‖f‖∞‖g‖1.

In other words, since we said that p =∞ and q = 1, we again have that

‖fg‖1 ≤ ‖f‖p‖g‖q.

The case is the same as q =∞ gives p = 1 and so our proof is complete.

With Hölder’s inequality (Theorem 2.1.1) in our toolbox, we are now set
to prove Minkowski inequality (Theorem 2.1.2) assuring that, for p ≥ 1, our
Banach function spaces Lp are indeed linear spaces.

Theorem 2.1.2. (Minkowski’s Inequality) Let p ∈ [1,∞]. If f, g ∈ Lp(T),
then

||f + g||Lp(T) ≤ ||f ||Lp(T) + ||g||Lp(T). (2.1.5)

Proof. Using the same reasoning as in Theorem 2.1.1, we start by assuming
that 1 < p <∞ and f, g ∈ Lp(T) are both non-negative and not identically
zero. Notice that if h ∈ Lp(T), then hp−1 ∈ Lq(T) where q = p

p−1 is the
conjugate exponent to p. In fact,(∫

|hp−1|qdτ
) 1
q

=
(∫
|h|pdτ

) p−1
p

= ||h||p−1Lp(T) <∞.

Using that (f + g)p = f(f + g)p−1 + g(f + g)p−1, we use Theorem 2.1.1 to
establish our result. For instance, given (2.1.1) and (2.1.3), we see∫

f(f + g)p−1dτ ≤
(∫

fpdτ
) 1
p
(∫

(f + g)(p−1)qdτ
) 1
q

= ‖f‖p‖f + g‖p−1p
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and ∫
g(f + g)p−1dτ ≤

(∫
gpdτ

) 1
p
(∫

(f + g)(p−1)qdτ
) 1
q

= ‖g‖p‖f + g‖p−1p

since both f and g are non-negative functions. Thus, by adding the two
inequalities together, we find∫

(f + g)pdτ = ‖f + g‖pp ≤ ‖f‖p‖f + g‖p−1p + ‖g‖p‖f + g‖p−1p

= ‖f + g‖p−1p (‖f‖p + ‖g‖p).

In other words, by dividing both sides of the inequality by the first term on
the right-hand side, we have proved that

‖f + g‖pp
‖f + g‖p−1p

= ‖f + g‖p

≤ ‖f + g‖p−1p (‖f‖p + ‖g‖p)
‖f + g‖p−1p

= ‖f‖p + ‖g‖p.

Therefore, with all absolute values having non-negative results, we have
actually shown that

‖f + g‖p ≤ ‖f‖p + ‖g‖p

for all f and g in Lp(T) when 1 < p <∞.

However, things are a little different when p = 1 and p = ∞. For
instance, since we know from the triangle inequality that

|f + g| ≤ |f |+ |g| a.e.,

we have ∫
|f + g|dτ ≤

∫
(|f |+ |g|)dτ

=

∫
|f |dτ +

∫
|g|dτ.

In other words, for any f and g in Lp(T), we now have that (2.1.5) is true
for all p ∈ [1,∞).
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Given (2.1.2), we are now ready to look at when p =∞. For instance, if
we let f , g ∈ L∞ with M = ‖f‖∞ and N = ‖g‖∞, we see that |f(x)| ≤ M
and |g(x)| ≤ N . Thus, since we already mentioned that |f + g| ≤ |f | + |g|
almost everywhere, we conclude

‖f + g‖∞ ≤ M +N

= ‖f‖∞ + ‖g‖∞.

One last property we should mention is that Lp spaces are complete for
all p ∈ [1,∞]. In other words, every Cauchy sequence in Lp(T) converges.
To see this, since completeness is beyond the scope of this thesis, we must
refer to Theorem 3.1 (Riesez-Fisher Theorem) in [3].

2.2 Convolutions, Translations and Continuity

Now, we have reached two very important lemmas that are given on page
9 in [3]. These lemmas will help guide us as we talk about convergence in
terms of how we take limits of functions in Lp spaces. We begin with a
result concerning horizontal translation.

Lemma 2.2.1. Suppose f ∈ L1(T) and let τ ∈ T. Then,

fτ (t) = f(t− τ) ∈ L1(T)

with

‖fτ‖L1(T) = ‖f‖L1(T).

Proof. Let f ∈ L1 and set fτ = f(t− τ). Then, given (2.1.1), we know

‖fτ‖L1(T) =

∫ 2π

0
|f(t− τ)|dt

So, by letting u = t − τ where du = dt, we can calculate that u = 2π − τ
when t = 2π and u = −τ when t = 0. In other words, with u = t − τ , we
have that ∫ 2π

0
|f(t− τ)|dt =

∫ 2π−τ

−τ
|f(u)|du

=

∫ 2π−τ

0
|f(u)|du+

∫ 0

−τ
|f(u)|du.
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And, since we already know that f is 2π-periodic, we have that∫ 2π−τ

0
|f(u)|du+

∫ 0

−τ
|f(u)|du =

∫ 2π−τ

0
|f(u)|du+

∫ 2π

2π−τ
|f(u)|du

=

∫ 2π

0
|f(u)|du

= ‖f‖L1(T).

Thus, with

‖f‖L1(T) = ‖fτ‖L1(T),

we have finished the proof of the lemma.

Our next result is on continuity of horizontal translations.

Lemma 2.2.2. Fix f ∈ L1(T). Then, the L1(T)-valued function H : T →
L1(T) defined by H(τ) = fτ is continuous on T. That is, for f ∈ L1(T) and
τ0 ∈ T,

lim
τ→τ0
‖fτ − fτ0‖L1(T) = 0.

Proof. We first prove our result for a continuously differentiable function f .
Indeed, fix f ∈ C1(T) and let t ∈ T. Then, for any h ∈ T \ {0}, use the
mean-value theorem to choose ξ ∈ Ih = (t− |h|, t+ |h|) ∩ [0, 2π) so that

|f(t− h)− f(t)| ≤ |f ′(ξ)||t− h+ t|
≤ sup

z∈T
|f ′(z)||h|

= ‖f ′‖L∞(T)|h|

for all t ∈ T. So, with ε > 0 being given, we can choose h ∈ T where
0 < |h| < ε

‖f ′‖L∞(T)
. Then, we can see that∫

T
|f(t− h)− f(t)|dt ≤ |h|‖f‖L∞(T)

∫
T
dt < ε.

Hence, we have just proved that

lim
h→0

∫
T
|f(t− h)− f(t)|dt = 0.

In other words, we actually have shown that

lim
h→0
‖fh − f‖L1(T) = 0. (2.2.1)
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Let’s now prove our result using the density of C1(T) in L1(T). For instance,
we can start by fixing g ∈ L1(T) and ε > 0. Choosing f ∈ C1(T) with

d1(f, g) = ‖f − g‖L1(T)

<
ε

3
,

Minkowski inequality (Theorem 2.1.2) gives us for h > 0:

‖gh − g‖L1(T) = ‖gh − fh + fh − f + f − g‖L1(T)

≤ ‖fh − gh‖L1(T) + ‖fh − f‖L1(T) + ‖g − f‖L1(T)

= ‖fh − f‖L1(T) + 2‖f − g‖L1(T)

by Lemma 2.2.1. Therefore, as f ∈ C1(T), we can use (2.2.1) to choose |h|
sufficiently small so that

‖fh − f‖L1(T) <
ε

3
.

Thus, we now get

‖gh − g‖L1(T) <
ε

3
+ 2(

ε

3
)

= ε.

Hence, we conclude that

lim
h→0
‖gh − g‖L1(T) = 0

for g ∈ L1(T).

Now, by letting f ∈ L1(T) and τ0 ∈ T, we will have

lim
τ0→0

‖fτ0 − f‖L1(T) = 0.

Therefore, let’s set g(t) = fτ (t) = f(t− τ) so that

‖fτ0 − fτ‖1 =

∫
|f(t− τ0)− f(t− τ)|dt

=

∫
|g(t+ τ − τ0)− g(t)|dt

=

∫
|gτ0−τ (t)− g(t)|dt→ 0

15



as τ0 − τ → 0 or as τ0 → τ . And, we have that ‖fτ0 − fτ‖L1(T) = ‖fτ −
fτ0‖L1(T) by symmetry in the Lp norm. Hence, we have actually proved that

lim
τ→τ0

‖fτ − fτ0‖L1(T) = 0

for f ∈ L1(T).

Hence, we now have a basic understanding of convergence in Lp(T).
However, before we go any further, let’s define what is meant by taking the
Fourier series of a function.
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Chapter 3

Fourier Series

Referring to chapter 1 in [2], we define the Fourier series of f ∈ L1(T) as
the complex sum

S[f ](t) =

∞∑
n=−∞

f̂(n)eint (3.0.1)

where for each integer n, the Fourier coefficient f̂(n) is given by

f̂(n) =
1

2π

∫ 2π

0
f(t)e−intdt. (3.0.2)

Notice that since f ∈ L1(T), the nth Fourier coefficient is well defined as

|f̂(n)| ≤
∫
T
|f(t)||e−int|dt = ‖f‖L1(T), as |e−int| = 1 for any t.

The form of the Fourier coefficient should not come as a surprise as we can
easily see the following two items:

(I) The family {eint}∞n=−∞ satisfies the following orthogonality relation:
For integers m 6= −n,∫ 2π

0
ei(m+n)tdt = − i

m+ n
ei(m+n)t|2π0

= − i

m+ n
(cos(2(m+ n)π)− cos(0))

= 0 as m 6= −n.

If m = −n, we find∫ 2π

0
ei(m+n)tdt =

∫ 2π

0
dt = 2π

17



(II) If we assume that S[f ] converges uniformly on [0, 2π), then we may
exchange summation and integration to see that for any integer k:

1

2π

∫
T
S[f ](t)e−iktdt =

1

2π

∞∑
n=−∞

f̂(n)

∫ 2π

0
ei(n−k)tdt

= f̂(k).

The complex form of the series may seem unfamiliar, but it is easy to see
that it is just the more familiar real-form

S[f ](t) =
A0

2
+
∞∑
n=1

(An cos(nt) +Bn sin(nt)) on [0, 2π] (3.0.3)

in disguise with

(i) A0 =
1

π

∫ 2π

0
f(t)dt

(ii) An =
1

π

∫ 2π

0
f(x) cos(nt)dt

(iii) Bn =
1

π

∫ 2π

0
f(x) sin(nt)dt.

(3.0.4)

To see this, recall Euler’s formula

eint = cos(nt) + i sin(nt).

Using this formula while assuming that the series (3.0.1) converges, we see

S[f ](t) =
∞∑

n=−∞
f̂(n)eint =

∞∑
n=−∞

f̂(n)(cos(nt) + i sin(nt))]

= f̂(0) +
∞∑
n=1

[(f̂(n) + f̂(−n)) cos(nt) + i(f̂(n)− f̂(−n)) sin(nt)].

And, given (3.0.2), we notice that

(i)

f̂(0) =
1

2π

∫ 2π

0
f(t)e0dt

=
1

2

( 1

π

∫ 2π

0
f(t)dt

)
=

A0

2
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(ii)

f̂(n) + f̂(−n) =
1

2π

∫ 2π

0
f(t)(e−int + eint)dt

=
2

2π

∫ 2π

0
f(t) cos(nt)dt

=
1

π

∫ 2π

0
f(t) cos(nt)dt

= An

(iii)

i(f̂(n)− f̂(−n)) =
i

2π

∫ 2π

0
f(t)(e−int − eint)dt

=
−2i2

2π

∫ 2π

0
f(t) sin(nt)dt

=
1

π

∫ 2π

0
f(t) sin(nt)dt

= Bn

and this establishes our claim. Using now the complex form, we give relevant
algebraic properties on page 3 in [1] related to the Fourier coefficients.

Theorem 3.0.1. Let f , g ∈ L1(T), then

(a) (f̂ + g)(n) = f̂(n) + ĝ(n)

(b) For any complex number α,

(α̂f)(n) = αf̂(n)

(c) Denote fτ (t) = f(t− τ), τ ∈ T; then

f̂τ (n) = f̂(n)e−inτ

(d) |f̂(n)| ≤ ‖f‖L′

Proof. Let f, g ∈ L1(T), then
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(a) Since (f + g)(t) = f(t) + g(t) for all t ∈ T,

(f̂ + g)(n) =
1

2π

∫
(f + g)(t)e−intdt

=
1

2π

∫
[f(t)e−int + g(t)e−int]dt

= f̂(n) + ĝ(n).

(b) For any complex number α,

(α̂f)(n) =
1

2π

∫
(αf)(t)e−intdt.

Thus, with (αf)(t) = αf(t) for all t ∈ T,

1

2π

∫
(αf)(t)e−intdt = α

( 1

2π

∫
f(t)e−intdt

)
= αf̂(n).

(c) Since fτ (t) = f(t− τ) where τ ∈ T,

f̂τ (n) =
1

2π

∫
fτ (t)e−intdt

=
1

2π

∫
f(t− τ)e−intdt.

Then, by letting t = t+ τ , we have

1

2π

∫
f(t− τ)e−intdt =

1

2π

∫
f((t+ τ)− τ)e−in(t+τ)dt

=
1

2π

∫
f(t)e−inte−inτdt.

So, since e−inτ does not depend on t,

1

2π

∫
f(t)e−inte−inτdt =

e−inτ

2π

∫
f(t)e−intdt

= e−inτ f̂(n).

In other words,

f̂τ (n) = f̂(n)e−inτ .
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(d)

|f̂(n)| = | 1

2π

∫
f(t)e−intdt|

≤ 1

2π

∫
|f(t)e−int|dt.

So, with |f(t)e−int| = |f(t)||e−int| = |f(t)| as |e−imt| = 1 for any m ∈ Z
we find

|f̂(n)| ≤ ‖f‖1.

For f, g ∈ L1(T), referring to page 5 in [1], we will need to consider the
convolution operation

(f ∗ g)(t) =
1

2π

∫
f(t− τ)g(τ)dτ

and its associated property related to Fourier coefficients:

f̂ ∗ g(n) = f̂(n)ĝ(n).

Before this, let’s first discuss the convolution of functions directly.

Theorem 3.0.2. : With f, g, h ∈ L1(T), the convolution operation on L1(T)
is

(i) Commutative

f ∗ g = g ∗ f

(ii) Associative

(f ∗ g) ∗ h = f ∗ (g ∗ h)

(iii) Distributive (with respect to addition)

f ∗ (g + h) = f ∗ g + f ∗ h

Proof. Let f, g, h ∈ L1(T), then
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(i) From the definition of the convolution operation, we have

(f ∗ g)(t) =
1

2π

∫
f(t− τ)g(τ)dτ

So, by letting γ = t− τ , we see that

1

2π

∫
f(t− τ)g(τ)dτ =

1

2π

∫
g(t− γ)f(γ)dγ

= (g ∗ f)(t).

(ii) It is simple to see that

[(f ∗ g) ∗ h)](t) =
1

4π2

∫ ∫
f(t− τ − γ)g(τ)h(γ)dτdγ.

So, by letting α = γ + τ we now have

1

4π2

∫ ∫
f(t− τ − γ)g(τ)h(γ)dτdγ =

1

4π2

∫ ∫
f(t− α)g(α− γ)h(γ)dαdγ

= [f ∗ (g ∗ h)](t)

and this proves

(f ∗ g) ∗ h = f ∗ (g ∗ h),

giving associativity of the operation.

(iii) This property is verified by the following calculation:

[f ∗ (g + h)](t) =
1

2π

∫
f(t− τ)[g(τ) + h(τ)]dτ

=
1

2π

∫
[f(t− τ)g(τ) + f(t− τ)h(τ)]dτ

= (f ∗ g)(t) + (f ∗ h)(t).

In other words, the convolution operation is distributive with respect
to addition.

Now that we have a better understanding of Fourier series along with
some very useful properties of Fourier coefficients, we are set to use what
we have learned about convergence in Lp spaces to explore how limits of
Fourier series are taken.
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Chapter 4

Convergence of Fourier
Series

With the previous definitions on hand, let’s now move on to the main focus
of this paper, convergence of Fourier series. We will consider two types of
convergence: pointwise convergence and convergence in norm. Let’s begin
with an exploration of pointwise convergence.

4.1 Pointwise Convergence

To understand the concept of pointwise convergence, let’s first look at a
theorem that can help us with some intuition:

Theorem 4.1.1. If f(t) is continuously differentiable on R and 2π-periodic,
then f(t) = S[f ](t) for all t ∈ [0, 2π), and hence for all t ∈ R.

Proof. To make it easier, let’s consider the following cases:

First, let’s see what it means to write |f(t) − SN [f ](t)| for t ∈ [0, 2π). For
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instance, if we start by looking at the partial sum SN [f ](t), we notice

SN [f ](t) =
N∑

n=−N
f̂(n)eint

=
N∑

n=−N

1

2π

∫ 2π

0
f(s)e−insds(eint)

=
1

2π

∫ 2π

0
f(s)

N∑
n=−N

ei(t−s)ds

= f ∗DN (t).

The partial Fourier sum SN [f ](t) is now written as a convolution with

DN (t) =
N∑

n=−N
eint, (4.1.1)

the famous Dirichlet kernel. This function is very interesting and its prop-
erties are what we will exploit to finish our proof. To better understand our
kernel, let’s first look at some pictures of DN (t) for t ∈ [0, 2π) and varying
values for N ∈ N.
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Looking closely at each of the graphs, we notice that the maximum of
DN always occurs at t = π with value DN (π) = 2N for each N ∈ N. And,
from the following lemma, we will learn some very useful properties of the
Dirichlet kernel that will help us with proving Theorem 4.1.1.

Lemma 4.1.1. If DN (t) =
N∑

n=−N
eint, then

(I) 1
2π

∫ 2π
0 DN (t)dt = 1.

(II) Presented by Section 4 in [4], DN (t) =
sin((N+ 1

2
)t)

sin( t
2
)

when t ∈ [0, 2π).

(III) For δ sufficiently small, |DN (s)| ≤ 3
|s| for any s ∈ [0, δ).

Proof. The proof for this is quite simple in terms of just rearranging equa-
tions. For instance, recalling (4.1.1), we have:

(I) Since sin(t) is odd, we know

DN (t) =

N∑
n=−N

eint =

N∑
n=−N

(cos(nt) + i sin(nt))

= cos(0) +
N∑
n=1

(cos(nt) + cos(−nt))

= 1 + 2
N∑
n=1

cos(nt).

Using this, we find

1

2π

∫ 2π

0
DN (t)dt =

1

2π

∫ 2π

0
(1 + 2

N∑
n=1

cos(nt))dt

=
1

2π

∫ 2π

0
dt+

1

π

N∑
n=1

∫ 2π

0
cos(nt)dt

= 1 +
1

π

N∑
n=1

(
sin(nt)

n

∣∣∣2π
0

)

= 1

for each N ∈ N.
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(II) Recalling the trigonometric identity 2 sin(A) cos(B) = sin(A + B) +
sin(A−B), we can proceed by multiplying each side of our equation

DN (t) = 1 + 2
N∑
n=1

cos(nt) by sin( t2) as follows:

sin(
t

2
)DN (t) = sin(

t

2
)(1 + 2

N∑
n=1

cos(nt))

= sin(
t

2
) +

N∑
n=1

2 sin(
t

2
) cos(nt)

= sin(
t

2
) +

N∑
n=1

(sin((
1

2
+ n)t) + sin((

1

2
− n)t))

= sin(
t

2
) +

N∑
n=1

(sin((n+
1

2
)t)− sin(n− 1

2
)t))

= sin((N +
1

2
)t).

Hence, we have shown how

DN (t) =
sin((N + 1

2)t)

sin( t2)

when t ∈ [0, 2π).

(III) Let’s start by recalling that lim
s→0

sin(s)

s
= 1. Then, for s ∈ [0, δ), we

find

|sDN (s)| =
∣∣∣s[sin((N + 1

2)s)]

sin( s2)

∣∣∣
≤

∣∣∣ s

sin( s2)

∣∣∣ since | sin((N +
1

2
)s)| ≤ 1

= 2
∣∣∣ s

2

sin( s2)

∣∣∣→ 2 as s→ 0.

So, choosing δ > 0 sufficiently small, we calculate

|sDN (s)| ≤ 2
(3

2

)
= 3.
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In other words, for s ∈ [0, δ), we have proved that

|DN (s)| ≤ 3

|s|
.

Now, we come to the famous Reimann-Lebesgue lemma:

Lemma 4.1.2. Suppose {kn} is a sequence of positive real numbers diverging
to ∞. If f is continuously differentiable on [a, b], then

lim
n→∞

∫ b

a
f(t) sin(knt)dt = 0.

Proof. To prove this, we integrate by parts:∫ b

a
f(t) sin(knt)dt = − 1

kn
f(t) cos(knt)

∣∣∣b
a

+
1

kn

∫ b

a
f ′(t) cos(knt)dt.

Now, by taking the absolute values and making use of the triangle inequality,
we end up with∣∣∣ ∫ b

a
f(t) sin(knt)dt

∣∣∣ ≤ ∣∣∣ 1

kn
f(t) cos(knt)

∣∣∣b
a

∣∣∣+
∣∣∣ 1

kn

∫ b

a
f ′(t) cos(knt)dt

∣∣∣
≤ 2‖f‖∞ + (b− a)‖f ′‖∞

kn
→ 0 as n→∞.

There is now a super cool consequence to the lemma: If 0 < a < b < 2π,

we find lim
N→∞

∫ b

a
DN (t)dt = 0. This follows from Lemma 4.1.2 since sin( t2)

is continuously differentiable on [a, b] as the zeros of sin( t2) in [0, 2π] are 0
and 2π only.

This means,∫ b

a
DN (t)dt =

∫ b

a

1

sin(t/2)
sin[(N +

1

2
)t]dt→ 0

as N →∞ by Lemma 4.1.2.
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To exploit these results, we write

|f(t)− SN [f ](t)| =
∣∣∣ ∫ 2π

0
(f(t)− f(t− s)DN (s))ds

∣∣∣
≤

∣∣∣( ∫ δ

0
+

∫ 2π−δ

δ
+

∫ 2π

2π−δ

)
(f(t)− f(t− s)DN (s))ds

∣∣∣
≤ |J1|+ |J2|+ |J3|

where J1, J2 and J3 are defined by the way we split up the integral in the
second line with δ as in Lemma 4.1.1 - 3. So, let’s now look at each integral
separately.

J1: By the mean-value theorem, we know

|J1| ≤
∣∣∣ ∫ δ

0
(f(t)− f(t− s)DN (s))ds

∣∣∣
≤ 3

∫ δ

0

∣∣∣f(t)− f(t− s)
s

∣∣∣ds since |DN (s)| ≤ 3

|s|
for s ∈ (0, δ)

≤ 3‖f ′‖∞
∫ δ

0
ds = 3δ‖f ′‖∞

J2: Since f(t)−f(t−s)
sin(s/2) is continuously differentiable on [δ, 2π − δ], we know

from Lemma 4.1.2 that |J2| → 0 as N →∞.

J3: Similar to |J1|, we know from the mean-value theorem that

|J3| ≤
∣∣∣ ∫ 2π

2π−δ
(f(t)− f(t− s)DN (s))ds

∣∣∣
≤ 3

∫ 2π

2π−δ

∣∣∣f(t)− f(t− s)
2π − s

∣∣∣ds since |DN (s)| ≤ 3

|2π − s|

≤ 3‖f ′‖∞
∫ 2π

2π−δ
ds = 3δ‖f ′‖∞

Now, if we are given ε > 0, we can choose δ > 0 sufficiently small and
N sufficiently large so that |f(t) − SN [f ](t)| < ε. Hence, we have shown
that lim

N→∞
SN [f ](t) = f(t). As well, since there is no dependence on t in our

proof, we conclude that convergence is uniform.

Now that we have Theorem 4.1.1, we use it as intuition to develop a
better result. The need for a better result is not a surprise since it is often
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the case that one does not have smooth data in applications. Therefore, we
attempt to develop an analog of Theorem 4.1.1 for continuous functions and
functions with a finite number of jump discontinuities. That is, this may
present some difficulty in the simple example of expanding the function f(x)
defined as 1 on [0, π) and 0 on [π, 2π). Performing the requisite calculations,

one finds S[f ](t) = i
2π

∑∞
n=−∞

eint(e−inπ−1)
n . To see what is meant by this,

let’s consider the following graph:

30



S20[f](t): 

 



Notice that this partial sum gives the value of 1
2 when t = π. In other

words, since f(t) 6= 1
2 for all t ∈ [0, 2π], we find S[f ](π) = 1

2 6= f(π). Hence,
convergence fails at the jump discontinuity of f . As a result, we cannot
expect our next theorem to be as simple as the last. In fact, properties of
the Dirichlet kernel are insufficient if we would like to establish convergence
for a class of functions including our last example. So, recalling an idea from
Real Analysis, we consider the means of the partial Fourier sums

αn(t) =
1

n

n−1∑
j=0

Sj [f ](t).

As before, to show convergence, we calculate how αn(t) differs from f(t):

|f(t)− αn(t)| =
∣∣∣f(t)− 1

n

n−1∑
j=0

f ∗Dj(t)
∣∣∣

=
1

2π

∣∣∣ ∫ 2π

0
[f(t)− f(t− s)] 1

n

n−1∑
j=0

Dj(s)ds
∣∣∣.

Here,

Kn(s) =
1

n

n−1∑
j=0

Dj(s) (4.1.2)

is known as the celebrated Fejer kernel. Again, the properties of the kernel
from Section 2.1 in [4] will allow us to proceed. Let’s first look at some
graphs of Kn(s) for s ∈ [0, 2π) and varying values for n ∈ N.
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Similar to DN (t), we notice from the graphs that the maximum of Kn(s)
always occurs at s = π. However, recalling that the Dirichlet kernel has a
maximum value of DN (π) = 2N , the Fejer kernel instead has a maximum
value of Kn(π) = n for each n ∈ N. As well, like DN (t), another lemma
showing the properties of the Fejer kernel is needed to help with theorems
to come.

Lemma 4.1.3. If Kn(t) = 1
n

n−1∑
N=0

DN (t), then

(I) 1
2π

∫ 2π
0 Kn(t)dt = 1.

(II) Kn(t) = 1
n

[
sin(nt

2
)

sin( t
2
)

]2
.

(III) Kn(t) ≥ 0.

(IV) For s ∈ (0, π), Kn(s) = Kn(2π − s).

(V) For all 0 < δ < π, lim
n→∞

(
sup

δ<t<2π−δ
Kn(t)

)
= 0.

Proof. Recalling the properties of the Dirichlet kernel in Lemma 4.1.1 and

that Kn(t) = 1
n

n−1∑
N=0

DN (t), we have

(i)

1

2π

∫ 2π

0
Kn(t)dt =

1

2π

∫ 2π

0

1

n

n−1∑
N=0

DN (t)dt

=
1

n

n−1∑
N=0

[ 1

2π

∫ 2π

0
DN (t)dt

]
=

1

n

n−1∑
N=0

1, as
1

2π

∫ 2π

0
DN (t)dt = 1 by Lemma 4.1.1

= 1.

(ii) Given the trigonometric equations 2 sin(A) sin(B) = cos(A − B) −
cos(A + B) and sin2( t2) = 1−cos(t)

2 , and that DN (t) =
sin((N+ 1

2
)t)

sin( t
2
)

, we
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calculate

Kn(t) =
1

n

n−1∑
N=0

DN (t) =
1

n

n−1∑
N=0

sin((N + 1
2)t)

sin( t2)

=
1

2n sin2( t2)

n−1∑
N=0

2 sin((N +
1

2
)t) sin(

t

2
)

=
1

2n sin2( t2)

n−1∑
N=0

[cos(Nt)− cos((N + 1)t)]

=
1− cos(nt)

2n sin2( t2)

=
1

n

[sin(nt2 )

sin( t2)

]2
.

(iii) Knowing that squaring any value gives a non-negative result, it is clear

that Kn(t) ≥ 0 since Kn(t) = 1
n

[
sin(nt

2
)

sin( t
2
)

]2
.

(iv) Recalling the trigonometric equation | sin(s)| = | sin(2π − s)|, it is
obvious that

Kn(s) =
1

n

[sin(ns2 )

sin( s2)

]2
=

1

n

[sin(n(2π−s)2 )

sin(2π−s2 )

]2
= Kn(2π − s).

(v) With sin2(nt2 ) ≤ 1 for all n ∈ N, we know

Kn(t) =
1

n

[sin(nt2 )

sin( t2)

]2
≤ 1

n sin2( t2)
.

Thus, by choosing 0 < δ < π where t ∈ [δ, 2π − δ], we have 1
sin2( t

2
)
≥

1
sin2( δ

2
)

so that

Kn(t) ≤ 1

n sin2( δ2)
.

Hence, we have established our claim with 1
n sin2( δ

2
)

converging to 0 as

n approaches ∞.
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Finally, referring to Theorem 3.1 in [1], we are now ready to explore the
major theorem of pointwise convergence that we have all been waiting for,
Fejer’s theorem.

Theorem 4.1.2. With f ∈ L1(T),

(a) Assume that

lim
h→ 0

(f(t0 + h) + f(t0 − h))

exists; then

αn(f, t0) →
1

2
lim
h→ 0

(f(t0 + h) + f(t0 − h)).

In particular, if t0 is a point of continuity of f , then

αn(f, t0) → f(t0).

(b) If every point of a closed interval I is a point of continuity for f , αn(f, t)
converges to f(t) uniformly on I.

(c) If m ≤ f(t) for almost every t ∈ [0, 2π], then

m ≤ αn(f, t);

if f(t) ≤M for almost every t ∈ [0, 2π], then

αn(f, t) ≤ M

Proof. Let’s start by recalling the properties of the Fejer kernel in Lemma
4.1.3. Then, by letting f ∈ L1(T),

(a) Suppose that

f̃(t0) =
1

2
lim
h→ 0

(f(t0 + h) + f(t0 − h)).
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So, with Kn(s) = Kn(2π − s) when s ∈ (0, π), we have

αn(f, t0)− f̃(t0)

=
1

2π

∫ 2π

0
Kn(τ)(f(t0 − τ)− f̃(t0))dτ

=
1

2π

(∫ δ

−δ
+

∫ 2π−δ

δ

)
Kn(τ)(f(t0 − τ)− f̃(t0))dτ

=
1

2π

(∫ δ

−δ
+

∫ 2π−δ

δ

)
Kn(τ)

(f(t0 + τ) + f(t0 − τ)

2
− f̃(t0)dτ

=
1

π

(∫ δ

0
+

∫ π

δ

)
Kn(τ)

(f(t0 + τ) + f(t0 − τ)

2
− f̃(t0)

)
dτ.

(4.1.3)

Thus, by the definition of f̃(t0), if we let ε > 0 be given and choose
0 < δ < π sufficiently small, we find∣∣∣f(t0 + τ) + f(t0 − τ)

2
− f̃(t0)

∣∣∣ < ε

when |τ | < δ. As well, since lim
n→∞

(
sup

δ<t<2π−δ
Kn(t)

)
= 0 for all 0 < δ < π,

we know

sup
δ<τ<2π−δ

Kn(τ) < ε, for n sufficiently large.

In other words, by combining everything together, we see from (4.1.3)
that

|αn(f, t0)− f̃(t0)| < ε+ ε‖f − f̂(t0)‖L1 .

Hence, we conclude

αn(f, t0) →
1

2
lim
h→ 0

(f(t0 + h) + f(t0 − h)).

(b) Since every point of a closed interval I is a point of continuity for f , f is
uniformly continuous on I. In other words, given ε > 0 and 0 < δ < π,

|f(x)− f(y)| < ε

if |x− y| < δ. So, with |τ | < δ, we see

|f(t− τ)− f(t)| < ε.
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Thus, recalling that Kn(t) ≥ 0, we find

|αn(f, t)− f(t)| =
∣∣∣ 1

2π

∫ 2π

0
Kn(τ)(f(t− τ)− f(t))dτ

∣∣∣
≤ 1

2π

∫ 2π

0
Kn(τ)|(f(t− τ)− f(t))|dτ

<
ε

2π

∫ 2π

0
Kn(τ)dτ

= ε.

In other words, since |αn(f, t) − f(t)| < ε, αn(f, t) converges to f(t)
uniformly on I.

(c) Given that 1
2π

∫ 2π
0 Kn(t)dt = 1, we know

αn(f, t)−m =
1

2π

∫
Kn(τ)(f(t− τ)−m)dτ.

Thus, with m ≤ f , it is true that the integrand is nonnegative since
Kn(t) ≥ 0. In other words, we have that

1

2π

∫
Kn(τ)(f(t0 − τ)−m)dτ ≥ 0.

Similar to m ≤ f , we find

M − αn(f, t) =
1

2π

∫
Kn(τ)(M − f(t− τ))dτ

≥ 0

when M ≥ f . Hence, for m ≤ f and M ≥ f , we established our claim
where m ≤ αn(f, t) and M ≥ αn(f, t).

Now that we have shown how αn(f, t0) → 1
2 lim
h→ 0

(f(t0 + h) + f(t0 − h)

for f ∈ L1(T), let’s look at what happens when f ∈ L2(T).

4.2 Convergence in Norm

Similar to pointwise convergence, convergence in norm instead seeks conver-
gence by exploring what happens in the L2 sense. That is, convergence is
proved by investigating how the square of the Fourier coefficient is similar
to the square of the function. This is given by Theorem 34.2 in [2], also
known as Parseval’s theorem.
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Theorem 4.2.1. Let f ∈ L2(T) with

S[f ](t) =

∞∑
n=−∞

cne
int

being the Fourier series of f(t). Then,

1

2π

∫ 2π

0
|f(t)|2dx =

∞∑
n=−∞

|f̂(n)|2

whenever S[f ](t) = f(t). That is, S[f ](t) → f(t) in L2 norm if S[f ](t) →
f(t) pointwise.

Proof. Recalling the equation for the complex Fourier series of f ∈ L1(T)

(1.0.1), for f ∈ L2(T), let S[f ](t) =

∞∑
n=−∞

cne
int represent the Fourier series

of f(t). Then, by letting S[f ](t) = f(t), we find

f(t) =
∞∑

n=−∞
cne

int.

In other words, if we take the absolute value of f(t), we actually have

|f(t)| =
∣∣∣ ∞∑
n=−∞

cne
int
∣∣∣.

Thus, we square |f(t)| so that

|f(t)|2 =
∣∣∣ ∞∑
n=−∞

cne
int
∣∣∣2

=
( ∞∑
n=−∞

cne
int
)( ∞∑

m=−∞
cmeimt

)
=

∞∑
n=−∞

cne
int

∞∑
m=−∞

cme
−imt|

=

∞∑
n=−∞

∞∑
m=−∞

cncme
i(n−m).
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As well, by integrating |f(t)|2, we see∫ 2π

0
|f(t)|2dt =

∞∑
n=−∞

∞∑
m=−∞

cncm

∫ 2π

0
ei(n−m)dt

= 2π
∞∑

n=−∞
cncn by the orthogonality relation in Chapter 3

= 2π

∞∑
n=−∞

|cn|2.

Hence, when S[f ](t) = f(t), we have established our proof where

1

2π

∫ 2π

0
|f(t)|2dt =

2π
∑∞

n=−∞ |f̂(n)|2

2π

=
∞∑

n=−∞
|f̂(n)|2.

Hence, convergence in norm is seen as a consequence of pointwise con-

vergence that speaks to the square summability of the series
∞∑

n=−∞
|f̂(n)|2.

That being said, as pointwise convergence gives convergence in L2 norm,
the question of convergence for a Fourier series of f ∈ L2 is left open here
for the interested student to read further.

40



Bibliography

[1] Y. Katznelson. An Introduction to Harmonic Analysis, Third corrected
edition, Cambridge University Press, Cambridge, 2004.

[2] T.W. Korner. Fourier Analysis, Cambridge University Press, Cam-
bridge, 1988.

[3] W. Rudin. Real and Complex Analysis, Third edition, WCB/McGraw-
Hill, New York, 1987.

[4] W. Wu. Fourier Series and Fejer’s Theorem, wwu@ocf.berkeley.edu,
2004.

41


