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Abstract

In this thesis, we investigate the existence of weak solutions to the degenerate,
linear, elliptic second-order partial differential equation{

− 1

w
Div (Q∇u) +HTu+ Fu = f, x ∈ Ω;

u = 0, x ∈ ∂Ω;
(0.1)

on an open, connected, bounded set Ω ⊂ Rn. In this equation, Q is a non-
negative definite, n × n symmetric matrix that may be singular at a finite
number of points and w ∈ L1

loc(Ω) is a non-negative weight. T is a vector of
first order vector fields, f ∈ L2(Ω), and H, F are coefficient functions that are
members of the function space determined by the dual of the gain factor in each
of the following types of Sobolev inequality, which hold for all φ ∈ Lip0(Ω)
and that we use as hypotheses:(∫

Ω

|φ|2wdx
) 1

2

≤ C

(∫
Ω

|
√
Q∇φ|2 dx

) 1
2

(0.2)

or

∥φ∥LΨ(Ω;w) ≤ C

(∫
Ω

|
√
Q∇φ|2 dx

) 1
2

(0.3)

where C > 0 and Ψ(t) = t2 log(e − 1 + t)q for some q > 0. Specifically,
the roughness of the geometry associated to the vector fields defined by Q
restricts H and F to be bounded when we assume (0.2), and H and F can
be exponentially integrable if we instead assume that (0.3) holds. Indeed, in
the former case, H, F ∈ L∞(Ω;w) and in the latter case, H ∈ LΨH(Ω;w) and

F ∈ LΨF(Ω;w) where ΨH(t) = et
2
γ − 1 and ΨF (t) = et

1
γ − 1 for 0 < γ ≤ q

2
.
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Notation

Symbol Description

Rn n−dimensional Euclidean space
Ω An open, connected, bounded subset of Rn

∂Ω The boundary of the set Ω
Sn The collection of all n× n symmetric, non-negative definite matrices

∥f∥pLp(Ω;w)

∫
Ω

|f |p wdx

∥f∥pLp(Q;Ω)

∫
Ω

|
√
Q∇f |p dx

∥f∥LΨ(Ω;w) inf
{
λ > 0 :

∫
Ω

Ψ

(
|f |
λ

)
wdx ≤ 1

}
supp(f) The support of a function f ; the closure of the set where f is non-zero
Lip0(Ω) The collection of Lipshitz functions with compact support in Ω

QH1
0 (Ω;w) The degenerate Sobolev Space

1E 1E =

{
1 if x ∈ E

0 if x /∈ E

|f | |f | =

(
N∑
i=1

|fi|2
) 1

2

for N ≥ 1
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1 Introduction

In the study of partial differential equations, the existence of well-posed clas-
sical solutions is often very difficult to prove in practice. Indeed, with the
incorporation of data functions having discontinuities or singularities, classical
solutions may not exist. However, there may exist a weaker class of solutions if
continuity or differentiability is not initially imposed. Indeed, the existence of
weak solutions can be studied using techniques in functional analysis that rely
on a priori estimates that depend only on the norms of given data functions
in place of their smoothness properties.

In this thesis, we study a second-order, linear partial differential equation on
an open, connected, bounded set Ω ⊂ Rn with degenerate principal part. The
most general form of these equations is written as follows, where dependence
on x ∈ Ω is suppressed:

− 1

w
Div(Q∇u) +HRu+ S′Gu+ Fu = f +T′g.

The coefficient on the principal part Q : Ω → Sn is a matrix-valued function
whose entries are Lebesgue measurable scalar functions that are finite almost
everywhere. The non-negative weight w ∈ L1

loc(Ω) is a measurable function
defined on Ω such that 0 ≤ w(x) < ∞ and

|Q(x)|op ≤ cw(x) (1.1)

for some constant c > 0 and for almost every x ∈ Ω. Note,

|Q(x)|op = sup{|Q(x)ξ| : ξ ∈ Rn, |ξ| = 1}.

For some N ∈ N, R is an N -tuple of first order vector fields, S’, T’ are adjoints
of first order vector fields, f, F ∈ L2(Ω;w), and G,H,g ∈ L2(Ω;w); see [1] for
explicit details.

As the general existence theory for partial differential equations of this form
is currently in development, this thesis considers an edited problem. Specifi-
cally, {

− 1

w
Div (Q∇u) +HTu+ Fu = f, x ∈ Ω;

u = 0, x ∈ ∂Ω;
(1.2)
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where f ∈ L2(Ω), T is a vector of first order vector fields, and membership
of the functions H and F is dependent on the type of Sobolev inequality that
is available. Hereafter, Q : Ω → Sn is a matrix-valued function and may
have determinant that vanishes at a finite number of points. This behavior is
referred to as degeneracy. The matrix Q is diagonalizable and so,

Q(x) = UT (x)D(x)U(x)

almost everywhere in Ω where U is a unitary matrix-valued function on Ω and

D(x) = diag(λ1(x), ..., λn(x))

is a diagonal matrix. Since Q is measurable, U and the eigenvalues λi can
be chosen to be measurable and we note 0 ≤ λi(x) < ∞ for all i and for
almost every x ∈ Ω; see [2]. Therefore, we may define

√
Q = UT

√
DU where√

D = diag(
√
λ1, ...,

√
λn). Since w satisfies (1.1), |Q(x)|op ∈ L1

loc(Ω) and con-
sequently, the entries of Q are in L1

loc(Ω). The primary objective of this thesis
is to prove the existence of weak solutions to (1.2) in the degenerate Sobolev
space QH1

0 (Ω;w). In particular, we prove the following two theorems:

Theorem 1.1. Let Q be a non-negative definite symmetric matrix-valued func-
tion in Ω ⊂ Rn with the non-negative weight w ∈ L1

loc(Ω) that satisfies (1.1).
Suppose there exists a constant C > 0 such that

∥φ∥L2(Ω;w) ≤ C∥
√
Q∇φ∥L2(Ω)

for all φ ∈ Lip0(Ω). Then, given f ∈ L2(Ω), there is a unique weak solution
(u,∇u) ∈ QH1

0 (Ω;w) of the Dirichlet problem{
− 1

w
Div (Q∇u) +HTu+ Fu = f, x ∈ Ω;

u = 0, x ∈ ∂Ω;
(1.3)

whenever H, F ∈ L∞(Ω;w) and T is a vector of first order vector fields satis-
fying (4.2).

Theorem 1.2. Let Q be a non-negative definite symmetric matrix-valued func-
tion in Ω ⊂ Rn with the non-negative weight w ∈ L1

loc(Ω) that satisfies (1.1).
Suppose there exists a constant C > 0 such that

∥φ∥LΨ(Ω;w) ≤ C∥
√
Q∇φ∥L2(Ω)
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for all φ ∈ Lip0(Ω) where Ψ(t) = t2 log(e− 1 + t)q for q > 0. Then, given f ∈
L2(Ω), there is a unique weak solution (u,∇u) ∈ QH1

0 (Ω;w) of the Dirichlet
problem {

− 1

w
Div (Q∇u) +HTu+ Fu = f, x ∈ Ω;

u = 0, x ∈ ∂Ω;
(1.4)

whenever H ∈ LΨH (Ω;w), F ∈ LΨF (Ω;w) where ΨH(t) = et
2
γ − 1, ΨF (t) =

et
1
γ − 1 for 0 < γ ≤ q

2
and T is a vector of first order vector fields satisfying

(4.2).

The thesis is organized as follows. In Chapter 2, we provide preliminary
results about Lp(Ω;w) spaces, Orlicz spaces, and the degenerate Sobolev space
QH1

0 (Ω;w). In Chapter 3, we prove the Lax-Milgram Theorem and the Fred-
holm Alternative as they are fundamental to our main results. Finally, in
Chapter 4, we prove Theorem 1.1 and Theorem 1.2. Supplementary material
is provided in the Appendices.
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2 Preliminaries

2.1 Lp(Ω;w) Spaces

Definition 2.1. Let (X,A, µ) be a measure space and suppose that 1 ≤ p < ∞.
The space Lp(X,A, µ) is defined to be the collection of equivalence classes of
µ-measurable functions f : X → R for which

∥f∥Lp(X,A, µ) =

(∫
X

|f(x)|p dµ
) 1

p

< ∞.

Functions f, g ∈ Lp(X,A, µ) are equivalent if and only if ∥f −g∥Lp(X,A, µ) = 0.

Definition 2.2. Let (X,A, µ) be a measure space. The essential supremum of
a given µ-measurable function f : X → R is defined as

ess sup
X

f = inf{α ∈ R : µ ({x ∈ X : |f(x)| > α}) = 0}.

The space L∞(X,A, µ) is the collection of equivalence classes of µ-measurable
functions f for which

∥f∥L∞(X,A, µ) = ess sup
X

|f | < ∞.

Functions f, g ∈ L∞(X,A, µ) are equivalent if and only if ∥f−g∥L∞(X,A, µ) = 0.

In this study, X is the open, connected, bounded domain Ω ⊂ Rn. The
measure µ is either the Lebesgue measure dx or the weighted Lebesgue mea-
sure w dx on the Lebesgue measurable subsets M of Ω. To avoid confusion in
the development hereafter, we write ∥f∥Lp(Ω,M, w) = ∥f∥Lp(Ω;w). An important
estimate that we call upon frequently is Hölder’s inequality. This is very well-
documented in the literature, however, we provide the proof in Theorem 2.5
for the benefit of the reader. To prove Theorem 2.5, we first need to establish
Young’s inequality as detailed in Proposition 2.3. Note, after the establish-
ment of Theorem 2.6, we conclude this section by proving three immediate
consequences of Hölder’s inequality.

Proposition 2.3. Let 1 < p ≤ q < ∞ such that 1
p
+ 1

q
= 1. Then, for any a,

b ≥ 0,

ab ≤ ap

p
+

bq

q
. (2.1)
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Proof. Let 1 < p ≤ q < ∞ such that 1
p
+ 1

q
= 1. Note, if a = 0 or b = 0 then

there is nothing to prove. Let a, b > 0 and consider the equivalent form of
(2.1):

ab

bq
− ap

pbq
≤ 1

q
.

To prove this inequality, it suffices to show

sup

{
ab

bq
− ap

pbq
: a > 0, b > 0

}
=

1

q
. (2.2)

Performing elementary algebra gives

ab

bq
− ap

pbq
=

a

bq−1
− 1

p

(
ap

bq

)
=

(
ap

bq

) 1
p

− 1

p

(
ap

bq

)
since 1

p
+ 1

q
= 1. Setting ξ =

ap

bq
> 0, we consider f(ξ) = ξ

1
p− 1

p
ξ on (0,∞). Since

lim
ξ→0+

f(ξ) = 0 and lim
ξ→∞

f(ξ) = −∞, the supremum of f(ξ) is either 0 or occurs

at a critical point. Now, f ′(ξ) = 1
p

(
ξ−

1
q − 1

)
as 1

p
− 1 = −1

q
where f ′(ξ) = 0

occurs at ξ = 1. Notice, f(1) = 1− 1
p
= 1

q
> 0 and f ′′(ξ) = − 1

pq
ξ−

1
q
−1 < 0 so

ξ = 1 is an absolute maximum, proving (2.2).

Corollary 2.4. Let 1 < p ≤ q < ∞ such that 1
p
+ 1

q
= 1. Then, for a, b ≥ 0

and ε > 0,

ab ≤ εap

p
+

ε−
q
p bq

q
≤ εap + ε−

q
p bq. (2.3)

Proof. Let ε > 0 and write ab = ε
1
pa

b

ε
1
p

. Then, by Proposition 2.3

ab =
(
ε

1
pa
)(

ε−
1
p b
)
≤ εap

p
+

ε−
q
p bq

q
≤ εap + ε−

q
p bq.
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Theorem 2.5. Let f, g : Ω → R and let 1 < p ≤ ∞, 1 ≤ q < ∞ such that
1
p
+ 1

q
= 1. If f ∈ Lp (Ω;w) and g ∈ Lq (Ω;w), then fg ∈ L1 (Ω;w) with∣∣∣∫

Ω

f(x)g(x)wdx
∣∣∣≤ ∥f∥Lp(Ω;w)∥g∥Lq(Ω;w). (2.4)

Proof. Let 1 < p ≤ ∞, 1 ≤ q < ∞ such that 1
p
+ 1

q
= 1. Let f ∈ Lp (Ω;w)

and g ∈ Lq (Ω;w). Notice, if f or g equal 0 for almost every x ∈ Ω, then there
is nothing to prove. So, we proceed assuming f, g ̸= 0 almost everywhere in Ω.
Suppose p = ∞ and q = 1. By definition 2.2, |f(x)| ≤ ∥f∥L∞(Ω;w) for almost
every x ∈ Ω and so∫

Ω

|f(x)g(x)|wdx ≤
∫
Ω

∥f∥L∞(Ω;w) |g(x)|wdx = ∥f∥L∞(Ω;w)∥g∥L1(Ω;w).

Suppose now that p < ∞ and consider the instance when

∥f∥Lp(Ω;w) = ∥g∥Lq(Ω;w) = 1.

For each x ∈ Ω, set a = |f(x)| and b = |g(x)|. Since a, b ≥ 0, Proposition 2.3
gives,

|f(x)||g(x)| ≤ |f(x)|p

p
+

|g(x)|q

q
.

Integrating both sides we find,∣∣∣∫
Ω

f(x)g(x)wdx
∣∣∣ ≤ ∫

Ω

|f(x)g(x)|wdx

≤
∫
Ω

|f(x)|p

p
wdx+

∫
Ω

|g(x)|q

q
wdx

=
1

p
∥f∥pLp(Ω;w) +

1

q
∥g∥qLq(Ω;w)

= 1.

Consider
∣∣∣∫

Ω

α(x)β(x)wdx
∣∣∣ where α(x) =

f(x)

∥f∥Lp(Ω;w)

, β(x) =
g(x)

∥g∥Lq(Ω;w)

.

Then, ∥α∥Lp(Ω;w) = ∥β∥Lq(Ω;w) = 1 and our previous estimate ensures∣∣∣∫
Ω

f(x)

∥f∥Lp(Ω;w)

g(x)

∥g∥Lq(Ω;w)

wdx
∣∣∣ ≤ 1.

Equivalently,
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∣∣∣∫
Ω

f(x)g(x)wdx
∣∣∣≤ ∥f∥Lp(Ω;w)∥g∥Lq(Ω;w).

Note, this result can be generalized to functions f1, f2, ..., fn in spaces
Lp1(Ω;w), Lp2(Ω;w), ..., Lpn(Ω;w) respectively as described in the following
theorem.

Theorem 2.6. Let fi ∈ Lpi (Ω;w) for i = 1, ..., n and
1

p1
+ ...+

1

pn
= 1. Then,

∣∣∣∫
Ω

n∏
i=1

fi(x)wdx
∣∣∣≤ n∏

i=1

∥fi∥Lpi (Ω;w). (2.5)

Proof. For the base case, set n = 2. This result was proved in Theorem 2.5
and so, we proceed with the induction hypothesis. Suppose that∣∣∣∫

Ω

n∏
i=1

fi(x)wdx
∣∣∣≤ n∏

i=1

∥fi∥Lpi (Ω;w)

holds for n measurable functions where n ≥ 2 whenever
n∑

i=1

1

pi
= 1 . Take

n+ 1 functions such that
n+1∑
i=1

1

pi
= 1 and consider

∣∣∣∫
Ω

n+1∏
i=1

fi(x)wdx
∣∣∣ = ∣∣∣∫

Ω

n+1∏
i=2

fi(x)f1(x)wdx
∣∣∣

≤
∥∥∥n+1∏
i=2

fi

∥∥∥
L

p1
p1−1 (Ω;w)

∥f1∥Lp1 (Ω;w)

=

(∫
Ω

n+1∏
i=2

|fi(x)|
p1

p1−1 wdx

) p1−1
p1

∥f1∥Lp1 (Ω;w).

Since
n+1∑
i=1

1

pi
= 1 then,

n+1∑
i=2

1

pi
= 1− 1

p1
.
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Setting α =
p1

p1 − 1
and defining γi =

pi
α

for i = 2, ..., n+ 1 then,

n+1∑
i=2

1

γi
=

n+1∑
i=2

α

pi
= 1.

Employing the induction hypothesis, we can further estimate using our previ-
ous work. Specifically,(∫

Ω

n+1∏
i=2

|fi(x)|αwdx

)
≤

n+1∏
i=2

∥fα
i ∥Lγi (Ω;w)

=
n+1∏
i=2

∥fi∥αLpi (Ω;w).

Therefore, ∣∣∣∫
Ω

n+1∏
i=1

fi(x)wdx
∣∣∣ ≤ n+1∏

i=2

(
∥fi∥αLpi (Ω;w)

) 1
α ∥f1∥Lp1 (Ω;w)

=
n+1∏
i=1

∥fi∥Lpi (Ω;w).

By the principle of mathematical induction, (2.5) holds for every n ∈ N.

Lemma 2.7. Suppose w(Ω) < ∞ and 1 ≤ p < ∞, 1 < q ≤ ∞ where p ≤ q
and f ∈ Lq(Ω;w). Then,

w(Ω)−
1
p∥f∥Lp(Ω;w) ≤ w(Ω)−

1
q ∥f∥Lq(Ω;w).

Proof. If p = q, then there is nothing to prove. If 1 ≤ p < q and q = ∞, then
for almost every x ∈ Ω,

∥f∥pLp(Ω;w) =

∫
Ω

|f(x)|p · 1wdx ≤ ∥f∥pL∞(Ω;w)

∫
Ω

wdx = ∥f∥pL∞(Ω;w)w(Ω).

Taking the pth root of both side gives

w(Ω)−
1
p∥f∥Lp(Ω;w) ≤ ∥f∥L∞(Ω;w).

Suppose now 1 ≤ p < ∞ and 1 < q < ∞ such that p < q. Set p′ = q
p
, q′ = q

q−p
,

then 1
p′
+ 1

q′
= 1 and so, by Theorem 2.5
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∥f∥pLp(Ω;w) =

∫
Ω

|f(x)|p · 1wdx ≤
(∫

Ω

|f(x)|p·
q
p wdx

) p
q
(∫

Ω

|1|
q

q−p wdx

) q−p
q

.

Since

(∫
Ω

|1|
q

q−p wdx

) q−p
q

= w(Ω)
q−p
q , taking the pth root of both sides gives

∥f∥Lp(Ω;w) ≤ ∥f∥Lq(Ω;w)w(Ω)
q−p
pq

= ∥f∥Lq(Ω;w)w(Ω)
1
p
− 1

q .

Lemma 2.8. Let f ∈ Lr(Ω;w), 1 ≤ p ≤ q < ∞, q ≤ r ≤ ∞, and
1

q
=

λ

p
+

1− λ

r
for λ ∈ (0, 1). Then,

∥f∥Lq(Ω;w) ≤ ∥f∥λLp(Ω;w)∥f∥1−λ
Lr(Ω;w).

Proof. Let λ ∈ (0, 1) and set
1

q
=

λ

p
+

1− λ

r
where 1 ≤ p ≤ q < ∞ and

q ≤ r ≤ ∞. If r = ∞, then p = λq and so

∥f∥qLq(Ω;w) =

∫
Ω

|f(x)|q wdx

=

∫
Ω

|f(x)|qλ |f(x)|q(1−λ) wdx

≤
∫
Ω

|f(x)|p∥f∥q(1−λ)
L∞(Ω;w)wdx

= ∥f∥pLp(Ω;w)∥f∥
q(1−λ)
L∞(Ω;w).

Taking the qth root of both sides gives

∥f∥Lq(Ω;w) ≤ ∥f∥λLp(Ω;w)∥f∥
1−λ
L∞(Ω;w).

Suppose now r < ∞ and notice
qλ

p
+

q (1− λ)

r
= 1. Then, Theorem 2.5 gives

∥f∥qLq(Ω;w) ≤ ∥f qλ∥
L

p
qλ (Ω;w)

∥f q(1−λ)∥
L

r
q(1−λ) (Ω;w)

=

(∫
Ω

|f(x)|qλ·
p
qλ wdx

) qλ
p
(∫

Ω

|f(x)|q(1−λ)· r
q(1−λ) wdx

) q(1−λ)
r

=

(∫
Ω

|f(x)|p wdx
) qλ

p
(∫

Ω

|f(x)|r wdx
) q(1−λ)

r

.
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Taking the qth root of both sides, it follows that

∥f∥Lq(Ω;w) ≤ ∥f∥λLp(Ω;w)∥f∥
1−λ
Lr(Ω;w).

Lemma 2.9. Let f ∈ Lr(Ω;w), 1 ≤ p ≤ q < ∞, q < r ≤ ∞ such that
1

q
=

λ

p
+

1− λ

r
with λ ∈ (0, 1). Then,

∥f∥Lq(Ω;w) ≤ ε∥f∥Lr(Ω;w) + ε−µ∥f∥Lp(Ω;w)

for any ε > 0, and µ =
(

1
p
− 1

q

) / (
1
q
− 1

r

)
.

Proof. Combining inequalities from Lemma 2.8 and Corollary 2.4, we find

∥f∥Lq(Ω;w) ≤ ∥f∥λLp(Ω;w)∥f∥1−λ
Lr(Ω;w)

≤ ε∥f∥(1−λ)s
Lr(Ω;w) + ε−

t
s∥f∥λtLp(Ω;w)

with s =
1

1− λ
> 1 and t =

1

λ
> 1 as λ ∈ (0, 1). Note,

1

s
+

1

t
= 1 where

t

s
=

1

λ
· (1− λ). Setting

1

q
=

λ

p
+

1− λ

r
, we find

λ =

(
1

q
− 1

r

)
(
1

p
− 1

r

) ; 1− λ =

(
1

p
− 1

q

)
(
1

p
− 1

r

) ;
t

s
=

1− λ

λ
=

(
1

p
− 1

q

)
(
1

q
− 1

r

) = µ.

Therefore,

∥f∥Lq(Ω;w) ≤ ε∥f∥Lr(Ω;w) + ε−µ∥f∥Lp(Ω;w).

2.2 Orlicz Spaces

Orlicz function spaces are a generalization of Lebesgue spaces. As opposed to
Lebesgue spaces which are associated to a parameter p ∈ [1,∞), Orlicz spaces
are defined in terms of Young functions. In order to provide a comprehensive
characterization of Young functions, we begin by defining their density. Let
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a : [0,∞) → [0,∞) be a right continuous, non-decreasing function such that
a(0) = 0, a(t) > 0 for t ∈ (0,∞), and a(t) → ∞ as t → ∞. Given a density
function a(t), we set

A(t) =

∫ t

0

a(s) ds.

Such A(t) are called Young functions and satisfy the following definition; see
[3].

Definition 2.10. If A(t) is a Young function, then

i) A(t) is convex, continuous, and strictly increasing.

ii) A(0) = 0,
A(t)

t
→ ∞ as t → ∞.

iii) For t > 0, A′(t) = a(t) at every point of continuity of a (except on an at
most countable set).

Definition 2.11. Let (X,A, µ) be a measure space and let Ψ be a Young
function. The Orlicz class LΨ(X,A, µ) is collection of equivalence classes of
µ-measurable function f : X → R for which the Luxembourg norm

∥f∥LΨ(X,A, µ) = inf
{
λ > 0 :

∫
X

Ψ

(
|f |
λ

)
dµ ≤ 1

}
< ∞. (2.6)

Functions f, g ∈ LΨ(X, A, µ) are equivalent if and only if ∥f−g∥LΨ(X,A, µ) = 0.

Note, the Orlicz class LΨ(X, A, µ) is a complete space; see [3]. To jus-
tify Orlicz spaces are a generalization of Lebesgue spaces, we demonstrate
∥f∥LΨ(X,A, µ) = ∥f∥Lp(X,A, µ) when Ψ(t) = tp for p > 1. Indeed, for f ∈
LΨ(X,A, µ),

∥f∥LΨ(X,A, µ) = inf
{
λ > 0 :

∫
X

Ψ

(
|f(x)|
λ

)
dµ ≤ 1

}
= inf

{
λ > 0 :

∫
X

|f(x)|p

λp
dµ ≤ 1

}
= inf

{
λ > 0 :

∫
X

|f(x)|p dµ ≤ λp
}

= inf
{
λ > 0 :

(∫
X

|f(x)|p dµ
) 1

p

≤ λ
}

= ∥f∥Lp(X,A, µ).
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The Orlicz spaces of focus in this work are characterized by Young functions
of the form

Ψ(t) = t2log(e− 1 + t)q, (2.7)

where q > 0. This type of Young function is referred to as a ‘log-bump’
function as it provides a scale of Orlicz classes that lie between Lebesgue spaces.
Analogous to the previous section, Hölders inequality on this scale provides
an important estimate in our later work. Indeed, the generalization of this
inequality is required to establish the interpolation inequality seen in Lemma
2.22. To prove Hölders inequality on this scale, we first provide the reader
with fundamental definitions followed by, without proof, Youngs’s inequality
and Fatou’s Lemma. Note, these proofs can be found in [3] and [4]. We then
include the proof of an auxiliary lemma before proving Hölders inequality in
Theorem 2.18.

Definition 2.12. Given a non-decreasing function a, we define its generalized
right inverse to be the function

ā(t) = sup{s : a(s) ≤ t} (2.8)

for all t ≥ 0.

Definition 2.13. Given a Young function A(t), if we define

Ā(t) =

∫ t

0

ā(s) ds, (2.9)

then Ā(t) is the complementary Young Function function of A(t); see [3].

Example 2.14. Let A(t) = tp for 1 < p < ∞ then a(t) = ptp−1. So,

ā(t) = sup{s : psp−1 ≤ t} =

(
1

p
t

) 1
p−1

.

Then,

Ā(t) =
1

p
1

p−1

∫ t

0

s
1

p−1 ds = cp
t

p
p−1

q
.

Theorem 2.15. Let A(t) and Ā(t) be a complementary pair of Young func-
tions. Then for all s, t ≥ 0,

st ≤ A(s) + Ā(t). (2.10)
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Lemma 2.16. If {fn} is a sequence of non-negative measurable functions and
fn(x) → f(x) almost everywhere on a measurable set Θ then∫

Θ

f(x)wdx ≤ lim inf
n→∞

∫
Θ

fn(x)wdx.

Lemma 2.17. Suppose A is a Young function. Then, ∥f∥LA(Ω;w) ≤ 1 if and
only if ∫

Ω

A(|f(x)|)wdx ≤ 1.

Proof. The following argument was adapted from [3]. Suppose ∥f∥LA(Ω;w) ≤ 1.
Then, given any λ > 1, ∫

Ω

A

(
|f(x)|
λ

)
wdx ≤ 1.

Define a decreasing sequence λk > λk+1 > ... > 1 such that lim
k→∞

λk = 1. Fix

x ∈ Ω. Then, by the continuity of A,

lim
k→∞

A

(
|f(x)|
λk

)
= A

(
lim
k→∞

|f(x)|
λk

)
= A(|f(x)|).

By Lemma 2.16, we have that∫
Ω

A(|f(x)|)wdx =

∫
Ω

lim
k→∞

A

(
|f(x)|
λk

)
wdx

≤ lim inf
k→∞

∫
Ω

A

(
|f(x)|
λk

)
wdx

≤ 1

since

∫
Ω

A

(
|f(x)|
λk

)
wdx ≤ 1 for each k.

Suppose now that ∫
Ω

A(|f(x)|)wdx ≤ 1.

Then, 1 ∈
{
λ > 0 :

∫
Ω

A

(
|f(x)|
λ

)
wdx ≤ 1

}
and so, ∥f∥LA(Ω;w) ≤ 1.
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Theorem 2.18. Let A and Ā be complementary Young functions. Let f, g be
such that f ∈ LA(Ω;w) and g ∈ LĀ(Ω;w). Then,∫

Ω

|f(x)g(x)|wdx ≤ 2∥f∥LA(Ω;w)∥g∥LĀ(Ω;w). (2.11)

Proof. The following proof was adpated from [3]. Let A and Ā be Young
functions and let f, g be such that f ∈ LA(Ω;w) and g ∈ LĀ(Ω;w). Notice, if
f or g equal 0 almost everywhere in Ω, then there is nothing to prove. So, we
proceed under the assumption ∥f∥LA(Ω;w), ∥g∥LĀ(Ω;w) > 0. Let ∥f∥LA(Ω;w) =
∥g∥LĀ(Ω;w) = 1. Then, Lemma 2.17 gives∫

Ω

A(|f(x)|)wdx ≤ 1;∫
Ω

Ā(|g(x)|)wdx ≤ 1.

By Theorem 2.15, we find∫
Ω

|f(x)g(x)|wdx ≤
∫
Ω

A(|f(x)|)wdx+

∫
Ω

Ā(|g(x)|)wdx ≤ 2.

For measurable functions α and β, consider

∫
Ω

|α(x)β(x)|wdx where

∥α∥LA(Ω;w) = ∥β∥LĀ(Ω;w) = 1.

Setting α(x) =
f(x)

∥f∥LA(Ω;w)

and β(x) =
g(x)

∥g∥LĀ(Ω;w)

, our previous estimate

ensures ∫
Ω

|f(x)g(x)|wdx ≤ 2∥f∥LA(Ω;w)∥g∥LĀ(Ω;w).

This result can be generalized to encompass m measurable Young functions
on an arbitrary measure space (X,A, µ) as detailed in Appendix A Theorem
5.1. Notice the increased complexity and additional intermediary estimates
used to prove Theorem 5.1 as compared to Theorem 2.6. Indeed, this continues
throughout our work as evident when comparing the analyses in subsection
4.2.1 to 4.2.2. As a consequence, we require the interpolation inequality seen in
Lemma 2.22 and Propositions 2.23, 2.24. The proof of Lemma 2.22 depends on
the following proposition, known as the rescaling property of the Luxembourg
norm, and lemma.

18



Proposition 2.19. Given 1 < p < ∞ and Young functions Γ,Ψ such that

Γ(t) = Ψ(t
1
p ). Then,

∥ |f |p ∥LΓ(Ω;w) = ∥f∥p
LΨ(Ω;w)

. (2.12)

Proof. Let 1 < p < ∞ and λ > 0 be given. Set λ
1
p = µ. Then, for Γ(t) = Ψ(t

1
p ),

∥ |f |p ∥LΓ(Ω;w) = inf
{
λ > 0 :

∫
Ω

Γ

(
|f(x)|p

λ

)
wdx ≤ 1

}
= inf

{
λ > 0 :

∫
Ω

Ψ

(
|f(x)|
λ

1
p

)
wdx ≤ 1

}
= inf

{
µp > 0 :

∫
Ω

Ψ

(
|f(x)|
µ

)
wdx ≤ 1

}
= ∥f∥p

LΨ(Ω;w)
.

Lemma 2.20. Let Ψ1,Ψ2,Φ be Young functions and α1, α2 positive real num-
bers for which

i) Θ1(t) = Ψ1(t
1
α1 ) and Θ2(t) = Ψ2(t

1
α2 ) are Young functions, and

ii) (Ψ−1
1 (t))α1(Ψ−1

2 (t))α2 ≤ Φ−1(ct)

for some c > 0 and for all t ≥ 0. Then, there exists a constant C > 0 so that
for all f ∈ LΨ1(Ω;w), g ∈ LΨ2(Ω;w),

∥|f |α1|g|α2∥LΦ(Ω;w) ≤ C∥f∥α1

LΨ1 (Ω;w)
∥g∥α2

LΨ2 (Ω;w)
.

Proof. Suppose f, g are measurable functions on Ω. Since Θ1(t) = Ψ1(t
1
α1 ) and

Θ2(t) = Ψ2(t
1
α2 ) are Young functions with inverses

Θ−1
1 (t) = (Ψ−1

1 (t))α1 ;

Θ−1
2 (t) = (Ψ−1

2 (t))α2 ,

hypothesis (ii) ensures that Θ1,Θ2,Φ satisfy

Θ−1
1 (t)Θ−1

2 (t) ≤ Φ(ct)
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for some c > 0. Therefore, by Theorem 5.1 with λ1 = λ2 = 1 and Proposition
2.19,

∥|f |α1 |g|α2∥LΦ(Ω;w) ≤ C∥|f |α1∥LΘ1 (Ω;w)∥|g|α2∥LΘ2 (Ω;w)

= C∥f∥α1

LΨ1 (Ω;w)
∥g∥α2

LΨ2 (Ω;w)

where C is a constant that depends only on Ψ1,Ψ2, and Φ.

Remark 2.21. Although A(t) = t is not a Young function, the following
lemma still holds since it generates the Banach space L1(Ω;w) with respect to
the Luxembourg norm.

Lemma 2.22. Let λ ∈ (0, 1) and suppose that Ψ,Φ are Young functions for
which

t1−λ(Ψ−1(t))λ ≤ Φ−1(ct)

for all t ≥ 0. Then, given ε > 0, there is a constant C = C(ε,Ψ,Φ, λ) so that

∥f∥LΦ(Ω;w) ≤ C∥f∥L1(Ω;w) + ε∥f∥LΨ(Ω;w)

for any f ∈ L1(Ω;w) ∩ LΨ(Ω;w).

Proof. Since t
1

1−λ and Ψ(t
1
λ ) are Young functions, Theorem 2.20 gives

∥f∥LΦ(Ω;w) = ∥|f |1−λ|f |λ∥LΦ(Ω;w)

≤ C∥f∥1−λ
L1(Ω;w)∥f∥

λ
LΨ(Ω;w).

By Corollary 2.4 with exponents p =
1

λ
and q =

1

1− λ
, we find for any ε > 0,

∥f∥LΦ(Ω;w) ≤ C∥f∥L1(Ω;w) + ε∥f∥LΨ(Ω;w).

Proposition 2.23. Given two Young functions A, B, and a constant c ≥ 1
such that

B(t) ≤ cA(t)

then

∥f∥LB(Ω;w) ≤ c∥f∥LA(Ω;w). (2.13)

20



Proof. Define the sets

E = {λ > 0 :

∫
Ω

B

(
|f |
λ

)
wdx ≤ 1};

F = {µ > 0 :

∫
Ω

A

(
|f |
µ

)
wdx ≤ 1}.

Let µ′ ∈ F. Then,

∫
Ω

A

(
|f |
µ′

)
wdx ≤ 1. Since B(t) ≤ cA(t) for some constant

c ≥ 1, then
1

c

∫
Ω

B

(
|f |
µ′

)
wdx ≤ 1.

By the convexity of B,∫
Ω

B

(
|f |
cµ′

)
wdx ≤ 1

c

∫
Ω

B

(
|f |
µ′

)
wdx ≤ 1.

That is, cµ′ ∈ E. Therefore, cF ⊂ E and so

∥f∥LB(Ω;w) = inf(E) ≤ inf(cF ) = c inf(F ) = c∥f∥LA(Ω;w).

Proposition 2.24. Given any Young function Ψ and for any S ⊂ Ω with
w(S) > 0, the norm of the indicator function 1S is

∥1S∥LΨ(Ω;w) = Ψ−1
(
w(S)−1

)−1
.

Proof. Set Λ =
{
λ > 0 :

∫
S

Ψ

(
1

λ

)
wdx ≤ 1

}
. Notice, for λ ∈ Λ

w(S)Ψ

(
1

λ

)
=

∫
Ω

Ψ

(
1S

λ

)
wdx ≤ 1.

Since Ψ is strictly increasing and thus invertible, we find

Ψ−1
(
w(S)−1

)−1 ≤ λ (2.14)
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for all λ ∈ Λ. Set µ = Ψ−1 (w(S)−1)
−1

and consider∫
S

Ψ

(
1

Ψ−1 (w(S)−1)−1

)
wdx =

∫
S

Ψ
(
Ψ−1(w(S)−1)

)
wdx

=

∫
S

w(S)−1wdx

=
w(S)

w(S)

= 1.

Therefore µ ∈ Λ and by (2.14), we conclude

∥1S∥LΨ(Ω;w) = Ψ−1
(
w(S)−1

)−1
.

2.3 Sobolev Spaces

The solution space to the partial differential equation we consider in this thesis
is the degenerate Sobolev spaceQH1

0 (Ω;w). To understand the structure of this
Sobolev space, it suffices to show what conditions must be satisfied to be a
weak solution of the Dirichlet problem (4.1) (see definition 4.2) without the
incorporation of lower-order terms. That is,{

− 1

w
Div (Q∇u) = f, x ∈ Ω;

u = 0, x ∈ ∂Ω
(2.15)

where dependence on x is suppressed. Recall that the matrix-valued function
Q satisfies (1.1) and consequently, |Q(x)|op ∈ L1

loc(Ω). If u is a weak solution
of (2.15), then ∫

Ω

∇uTQ∇v dx =

∫
Ω

fv wdx (2.16)

holds for all “test functions” v where membership of v will be described mo-
mentarily. For (2.16) to hold, we require u and v to be functions that equal
zero on the boundary and each integral in (2.16) to be finite. The minimum
requirement to impose finiteness is
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√
Q∇u,

√
Q∇v ∈ L2(Ω); v, f ∈ L2(Ω;w).

Therefore, we need a collection of functions such that∫
Ω

|v|2wdx+

∫
Ω

|
√
Q∇v|2 dx < ∞

for every v. The simplest functions to satisfy these conditions are Lipschitz
functions with compact support in Ω. Indeed, since |Q(x)|op ∈ L1

loc(Ω) and
Lipschitz functions are differentiable almost everywhere, ∇v ∈ L∞(E) where
E = supp(∇v). Therefore,∫

Ω

|
√
Q∇v|2 =

∫
E

|
√

Q∇v|2 dx ≤ ∥∇v∥2L∞(Ω)

∫
E

|Q|op dx < ∞.

More, Lipschitz functions are continuous and so, v is bounded on its support
S giving ∫

Ω

|v|2wdx =

∫
S

|v|2wdx ≤ ∥v2∥L∞(Ω;w)w(S) < ∞.

Therefore, we complete the collection Lip0(Ω) with respect to the norm

∥φ∥QH1
0 (Ω;w) = ∥φ∥L2(Ω;w) + ∥∇φ∥L2(Q;Ω) (2.17)

where ∥∇φ∥L2(Q;Ω) = ∥
√
Q∇φ∥L2(Ω). This collection is a set of equivalence

classes of Cauchy sequences with the equivalence relation “∼” defined by

{fn} ∼ {gn} ⇐⇒ lim
n→∞

∥fn − gn∥QH1
0 (Ω;w) = 0.

Note, given a Cauchy sequence {fn} of Lip0(Ω) functions, we denote its equiv-
alence class by [{fn}]. By the definition of the QH1

0 (Ω;w) norm, both the
sequences {fn} and {∇fn} are Cauchy in L2(Ω;w) and L2(Q; Ω) respectively.
Since L2(Ω;w) and L2(Q; Ω) are complete spaces, (see [5]) there exist functions
u ∈ L2(Ω;w) and g ∈ L2(Q; Ω) so that

∥fn − u∥L2(Ω;w) → 0 as n → ∞

and

∥∇fn − g∥L2(Q;Ω) → 0 as n → ∞.

Additionally, given any other sequence {hn} ∈ [{fn}], we can write
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∥hn − u∥L2(Ω;w) ≤ ∥fn − u∥L2(Ω;w) + ∥fn − hn∥L2(Ω;w)

and

∥∇hn − g∥L2(Q;Ω) ≤ ∥∇fn − g∥L2(Q;Ω) + ∥∇fn −∇hn∥L2(Q;Ω).

That is, the functions u and g are unique elements to the whole equivalence
class [{fn}] in the space L2(Ω;w)× L2(Q; Ω) equipped with the norm

∥(u,g)∥L2(Ω;w)×L2(Q;Ω) = ∥u∥L2(Ω;w) + ∥g∥L2(Q;Ω).

By the linearity and uniqueness of limits,

[c{fn}] = c[{fn}];
[{fn}] + [{hn}] = [{fn}+ {hn}]

for any constant c. Consequently, we can define an injective, linear mapping
J : QH1

0 (Ω;w) → L2(Ω;w)× L2(Q; Ω) by setting

J ([{fn}]) = (u,g).

Since ∥u∥L2(Ω;w) = lim
n→∞

∥fn∥L2(Ω;w) and ∥g∥L2(Q;Ω) = lim
n→∞

∥∇fn∥L2(Q;Ω) by the

reverse triangle inequality, the mapping J defines an isometric isomorphism
from QH1

0 (Ω;w) to the closed subspace J (QH1
0 (Ω;w)). Since these spaces

have the same algebraic structure, we do not make a distinction between them.
Indeed, QH1

0 (Ω;w) has two equivalent perspectives. Specifically, QH1
0 (Ω;w)

is a collection of equivalence classes of Cauchy sequences of Lip0(Ω) functions
and it is a collection of pairs (u,g) ∈ J (QH1

0 (Ω;w)). One of the important
properties of QH1

0 (Ω;w) is that it is a Hilbert space since the QH1
0 (Ω;w) norm

is equivalent to the norm generated by inner product defined by

⟨f, g⟩QH1
0 (Ω;w) =

∫
Ω

fg wdx+

∫
Ω

∇gTQ∇f dx. (2.18)

Indeed, there exists constants c1 =
1
2
, c2 = 1 such that

c1∥f∥2QH1
0 (Ω;w)

≤ ⟨f, f⟩QH1
0 (Ω;w) ≤ c2∥f∥2QH1

0 (Ω;w)

for all f ∈ QH1
0 (Ω;w). Additionally, Lemma 5.2 seen in Appendix A shows

the QH1
0 (Ω;w) norm is equivalent to the L2(Q; Ω) norm under the assumption

of Sobolev inequality (2.19).
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In the literature, terminology is often abused by referring to elements in
QH1

0 (Ω;w) as functions rather then pairs. Indeed, when we write f ∈ QH1
0 (Ω;w),

we mean the pair (f,h) where f ∈ L2(Ω;w) and h ∈ L2(Q; Ω) satisfying
J ([{fn}]) = (f,h) for some [{fn}] ∈ QH1

0 (Ω;w). We will denote h as ∇f
however, we stress that it may not be the case that h is the weak derivative of
f and may not even be uniquely determine by f. For instance, the authors in
[6] construct an example where f = 0 almost everywhere, but ∇f = 1 almost
everywhere.

In this thesis, we will make two assumptions in relation to the function
spaces Lp(Ω;w), LΨ(Ω;w) and the degenerate Sobolev space QH1

0 (Ω;w). First,
we assume the projection mapping Π : QH1

0 (Ω;w) → L2(Ω;w) defined by

Π((u,∇u)) = u

is a compact mapping. That is, the mapping Π satisfies the following definition.

Definition 2.25. Let X and Y denote normed vector spaces. A mapping
T : X → Y is a compact operator is one of the following conditions is satisfied:

i) T maps bounded sets in X into relatively compact sets in Y.

ii) T maps bounded sequences in X into sequences in Y which contain con-
vergent subsequences.

The proof that Π is a compact mapping relies on the assumption of a
local Poincaré inequality along with additional background material that is
beyond the scope of this study. However, the justification of this assumption
is supported by the work in [7] and Theorem 7.22 in [8]. Secondly, we assume
the existence of the following Sobolev inequalities in disjoint cases:

i) ∥f∥L2(Ω;w) ≤ C∥
√
Q∇f∥L2(Ω); (2.19)

ii) ∥f∥LΨ(Ω;w) ≤ C∥
√

Q∇f∥L2(Ω); (2.20)

for all f ∈ Lip0(Ω) where C > 0. These inequalities are adaptations of the
Sobolev inequality(∫

Ω

|f |2σ wdx
) 1

2σ

≤ C

(∫
Ω

|
√
Q∇f |2 dx

) 1
2
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studied extensively in [9], [10], where σ ≥ 1 represents the gain factor. An
interesting consequence of assuming the validity of a Sobolev inequality is
how the roughness of the coefficients is dependent on the dual of σ. That
is, assuming (2.19) holds, the coefficient functions H and F from (4.1) are
members of L∞(Ω;w) since σ = 1 and its dual σ′ = ∞. Note, this is the
roughest geometry and consequently restricts the membership ofH and F more
than when σ > 1. If we assume (2.20) holds, then σ > 1 is not quantifiable but
we do see the gain factor log(e − 1 + t)q and so, we may let H ∈ LΨH(Ω;w)

and F ∈ LΨF (Ω;w) where ΨH = et
2
γ − 1 and ΨF = et

1
γ − 1 for 0 < γ ≤ q

2
,

each related to the dual of the log-gain forcing exponential integrability. Note,
since t2 ≤ ct2 log(e − 1 + t)q for all t ≥ 0 when c = 1

log(e−1)q
, Proposition 2.23

gives
∥f∥L2(Ω;w) ≤ c∥f∥LΨ(Ω;w).

Therefore, if (2.20) holds, then ∥f∥L2(Ω;w) ≤ C̃∥
√
Q∇f∥L2(Ω). The Sobolev

inequalities (2.19) and (2.20) can be extended to hold for all functions in
QH1

0 (Ω;w) through the following density arguments.

Lemma 2.26. Suppose that the Sobolev inequality (2.19) holds for all f ∈
Lip0(Ω). Then, (2.19) holds for all u ∈ QH1

0 (Ω;w).

Proof. Let u ∈ QH1
0 (Ω;w). Then, there is a representative sequence {fn} ⊂

Lip0(Ω) such that

∥fn − u∥L2(Ω;w) → 0 as n → ∞

and

∥
√
Q∇fn −

√
Q∇u∥L2(Ω) → 0 as n → ∞.

Fix n ∈ N. Then, by the triangle inequality and Sobolev inequality (2.19)

∥u∥L2(Ω;w) ≤ ∥fn − u∥L2(Ω;w) + ∥fn∥L2(Ω;w)

≤ ∥fn − u∥L2(Ω;w) + ∥
√

Q∇fn∥L2(Ω).

Since ∥
√
Q∇u∥L2(Ω) = lim

n→∞
∥
√
Q∇fn∥L2(Ω), sending n → ∞ gives

∥u∥L2(Ω;w) ≤ C∥
√

Q∇u∥L2(Ω).
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Lemma 2.27. Suppose that the Sobolev inequality (2.20) holds for all f ∈
Lip0(Ω). Then, (2.20) holds for all u ∈ QH1

0 (Ω;w).

Proof. Let u ∈ QH1
0 (Ω;w). Then, there is a sequence {fn} of Lipschitz func-

tions with compact support on Ω such that

∥fn − u∥L2(Ω;w) → 0 as n → ∞

and

∥
√
Q∇fn −

√
Q∇u∥L2(Ω) → 0 as n → ∞.

By Sobolev inequality (2.20), for n,m ∈ N,

∥fn − fm∥LΨ(Ω;w) ≤ ∥
√
Q∇fn −

√
Q∇fm∥L2(Ω) ≤ ∥fn − fm∥QH1

0 (Ω;w)

and so, {fn} is Cauchy in LΨ(Ω;w). Since LΨ(Ω;w) and L2(Ω;w) are complete,
as shown in [3], [5], and LΨ(Ω;w) ⊂ L2(Ω;w), it follows that

∥fn − u∥LΨ(Ω;w) → 0 as n → ∞.

Therefore, by following the same argument in Lemma 2.27, we have that

∥u∥LΨ(Ω;w) ≤ C∥
√

Q∇u∥L2(Ω).
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3 Functional Analysis

The degenerate Sobolev space QH1
0 (Ω;w) is a Hilbert space. Consequently,

the existence of weak solutions can be studied using results from functional
analysis such as the Lax-Milgram Theorem and the Fredholm Alternative.
These theorems are well-documented in the literature; however, we provide
their proofs for completeness, as they are fundamental to our work in Chapter
4. The proofs in this chapter are adapted from Chapter 5 of [8] with additional
details included for clarity. All supporting lemmas and theorems referenced in
the main proofs are provided in Appendix B.

3.1 Banach and Hilbert Spaces

Definition 3.1. A Banach space D is a normed vector space that is complete
with respect to a norm ∥ · ∥D .

Definition 3.2. A Hilbert space H is a Banach space with the norm ∥ · ∥H

provided with an inner product ⟨·, ·⟩ : H → H compatible with its norm. That

is, for any element x ∈ H , ∥x∥H = ⟨x, x⟩ 1
2 .

Definition 3.3. Let V be a normed linear space. A functional F on V is a
mapping from V into R. A functional F is linear if for all x, y ∈ V α ∈ R,

F (x+ y) = F (x) + F (y)

F (αx) = αF (x)

and is bounded if there exists a C > 0 such that

|F (x)| ≤ C∥x∥

for all x ∈ V. The space of all bounded linear functionals is called the dual
space of V and is denoted V ∗.

Definition 3.4. Let V be a vector space over R. A bilinear form B on V is a
function of two vectors such that B : V ×V → R satisfies linearity in the first
and second argument. Specifically, for u, v, z ∈ V, λ ∈ R,

B (u+ v, z) = B (u, z) + B (v, z) ;

B (λu, v) = λB (u, v) ;

B (u, v + z) = B (u, v) + B (u, z) ;

B (u, λv) = λB (u, v) .
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3.2 The Lax-Milgram Theorem

Theorem 3.5. Let H be a Hilbert space and assume B : H × H → R is a
bilinear mapping satisfying

i) B is bounded on H . That is, there is a c > 0 such that for all x, y ∈ H
then

|B(x, y)| ≤ c∥x∥∥y∥.

ii) B is coercive on H . That is, there is a C > 0 such that for all x ∈ H
we have

B(x, x) ≥ C∥x∥2.

Then, given F ∈ H ∗, there is a unique u ∈ H so that F (x) = B(x, u) for
all x ∈ H .

Proof. For each fixed y ∈ H , B(x, y) is a bounded linear functional on H .
The Riesz-Representation Theorem, Theorem 6.2 in Appendix B, asserts the
existence of a unique element w ∈ H satisfying

B(x, y) = ⟨x,w⟩ (3.1)

for every x, y ∈ H . Define T (y) = w whenever (3.1) holds. Since w is uniquely
determined for each y ∈ H , T is well-defined. So,

B(x, y) = ⟨x, T (y)⟩ (3.2)

holds for all x, y ∈ H . Let λ1, λ2 ∈ R, x1, x2 ∈ H then by (3.1), (3.2), and
linearity of B, for any x ∈ H ,

⟨x, T (λ1x1 + λ2x2)⟩ = B(x, λ1x1 + λ2x2)

= B(x, λ1x1) + B(x, λ2x2)

= λ1⟨x, T (x1)⟩+ λ2⟨x, T (x2)⟩
= ⟨x, λ1T (x1) + λ2T (x2)⟩.

Therefore, T (λ1x1 + λ2x2) = λ1T (x1) + λ2T (x2) and so, T is linear. Notice, if
y = 0 then

∥T (y)∥ ≤ c∥y∥

for any c > 0. If y ̸= 0 then
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∥T (y)∥2 = ⟨T (y), T (y)⟩ = B(T (y), y) ≤ c∥T (y)∥∥y∥

by hypothesis (i). Therefore, T is bounded. More, by hypothesis (ii),

C∥y∥2 ≤ B(y, y) = ⟨y, T (y)⟩ ≤ ∥T (y)∥∥y∥

for each y ∈ H . Consequently, T is injective, has closed range by Lemma 6.3,
and T−1, whose existence will be asserted momentarily, is bounded . Let R(T )
be the range of T and suppose R(T ) ̸= H . Then, by the Projection Theorem,
Theorem 6.4 in Appendix B, there exists a non-zero element z ∈ H such that
z ∈ R(T )⊥. But, by hypothesis (ii),

C∥z∥2 ≤ B(z, z) = ⟨z, T (z)⟩ = 0

since T (z) ∈ R(T ), a contradiction. Therefore, T is surjective. Hence, T−1

exists and is linear and continuous by Theorem 6.1. Let F ∈ H ∗. Then, by
Theorem 6.2, there exists a unique v ∈ H so that

F (x) = ⟨x, v⟩.

Set u = T−1(v) then B(x, u) = ⟨x, v⟩ = F (x). That is,

F (x) = B(x, u)

for all x ∈ H .

3.3 The Fredholm Alternative

Theorem 3.6. Let T be a compact linear mapping of a normed vector space
V into itself. Then either (i) the homogeneous equation

x− T (x) = 0

has a nontrivial solution x ∈ V or (ii) for each y ∈ V , the equation

x− T (x) = y

has a uniquely determined solution x ∈ V. Furthermore, in case (ii), the oper-
ator (I − T )−1 whose existence is asserted there is also bounded.
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Proof. Let S = I − T where I is the identity mapping and T : V → V is
a compact linear mapping. Since I is continuous and T is compact, S is a
continuous linear operator. Define N = S−1(0) = {x ∈ V : S(x) = 0} as
the null space of S. Note, by linearity and continuity of S, and the uniqueness
of limits, the null space is a closed subspace of V. To prove the Fredholm
alternative, it suffices to prove the following four lemmas.

Lemma 3.7. There exists a constant C such that

dist(x,N ) ≤ C∥S(x)∥ (3.3)

for all x ∈ V where dist(x,N ) = inf
y∈N

∥x− y∥.

Proof. Suppose the negation is true. That is, for every constant C, there exists
an x ∈ V such that

dist(x,N ) > C∥S(x)∥.

Let C = n where n ∈ N. Then, construct a sequence {x̃n}n∈N where

dist(x̃n,N ) > C∥S(x̃n)∥

holds for each n. Set xn =
x̃n

∥S(x̃n)∥
where ∥S(x̃n)∥ ≠ 0 otherwise x̃n ∈ N and

dist(x̃n,N ) = 0. Then, ∥S(xn)∥ = 1 and notice,

d(xn,N ) = inf
y∈N

∥xn − y∥

= inf
y∈N

∥∥∥ x̃n

∥S(x̃n)∥
− y
∥∥∥

= inf
y∈N

∥∥∥ x̃n − ∥S(x̃n)∥y
∥S(x̃n)∥

∥∥∥
≥ 1

∥S(x̃n)∥
inf

y′∈N
∥x̃n − y′∥

> n

= n∥S(xn)∥

since ∥S(x̃n)∥ > 0 and N is a closed subspace of V. Consequently, dist(xn,N ) →
∞ as n → ∞. Let ε > 0 be given. Then, for some ỹ ∈ N ,

∥xn − ỹ∥ ≤ dist(xn,N ) + ε.
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Let ε = dist(xn,N ) and construct a sequence {yn}n∈N ⊂ N such that

∥xn − yn∥ ≤ 2dist(xn,N )

holds for each n. By definition of the infimum, dist(xn,N ) ≤ ∥xn−yn∥. Write

zn =
xn − yn
∥xn − yn∥

where ∥xn − yn∥ ≠ 0 since dist(xn,N ) > 0. Then, ∥zn∥ = 1

and

∥S(zn)∥ =
∥S(xn)− S(yn)∥

∥xn − yn∥
=

1

∥xn − yn∥
≤ 1

dist(xn,N )
.

Sending n → ∞ shows ∥S(zn)∥ → 0 and so, S(zn) → 0 in V. Since {zn}n∈N is
bounded and T is compact, {T (zn)}n∈N has a convergent subsequence {T (znk

)}k∈N
converging to some y0 ∈ V. Notice, znk

= S(znk
) + T (znk

) for all k ∈ N. Send-
ing k → ∞ shows znk

→ y0 since S(znk
) → 0 as every subsequence of a

convergent sequence converges to the same limit. Consequently, y0 ∈ N by
the continuity of S and uniqueness of limits. That is, lim

k→∞
S(znk

) = 0 but

lim
k→∞

S(znk
) = S(y0). This leads to a contradiction as

dist(zn,N ) = inf
y∈N

∥zn − y∥

= inf
y∈N

∥∥∥ xn − yn
∥xn − yn∥

− y
∥∥∥

= inf
y∈N

∥∥∥xn − yn − ∥xn − yn∥y
∥xn − yn∥

∥∥∥
≥ 1

∥xn − yn∥
dist(xn,N )

≥ 1

2

for all n ∈ N. So, ∥znk
− y0∥ ≥ 1

2
for all k ∈ N contradicting ∥znk

− y0∥ → 0 as
k → ∞.

Lemma 3.8. Let R = S(V ) be the range of S. Then, R is a closed subspace
of V.

Proof. Let {xn}n∈N be a sequence in V whose image {S(xn)}n∈N converges to
an element y ∈ V. To show R is closed, there must exist an x ∈ V such that
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y = S(x). By Lemma 3.7, the sequence {dist(xn,N )}n∈N is bounded since
{S(xn)}n∈N is convergent and so {∥S(xn)∥}n∈N is convergent by the reverse
triangle inequality and therefore bounded. Construct the sequence {yn}n∈N ⊂
N as done in Lemma 3.7 to obtain

dist(xn,N ) ≤ ∥xn − yn∥ ≤ 2dist(xn,N )

for each n. Write wn = xn − yn then {∥wn∥}n∈N is bounded and S(wn) → y
in V as n → ∞. Since T is compact, {T (wnk

)}k∈N converges to some w0 ∈ V.
Since wnk

= S(wnk
) + T (wnk

) for each k, wnk
→ y + w0 as k → ∞. By the

continuity of S and uniqueness of limits,

S(y + w0) = lim
k→∞

S(wnk
) = y.

Letting x = y + w0 concludes the proof.

Lemma 3.9. If N = {0}, then R = V. That is, if case (i) of Theorem 3.6
does not hold, then case (ii) is true.

Proof. By Lemma 3.8, the sets Rj defined by Sj(V ) for j ∈ N form a non-
increasing sequence of closed subspaces of V. Suppose for all j ∈ N that Rj+1

is a proper closed subspace of Rj. Then, by Lemma 6.5, there is a sequence
{yn}n∈N ⊂ V such that yn ∈ Rn, ∥yn∥ = 1, and dist(yn,Rn+1) ≥ 1

2
for each n.

Then if n > m,

T (ym)− T (yn) = ym − (yn + S(ym)− S(yn))

where yn ∈ Rn ⊂ Rm+1, S(yn) ∈ Rn+1 ⊂ Rm+1, and S(ym) ∈ Rm+1. Setting
y′ = yn + S(ym)− S(yn)) ∈ Rm+1 it follows that

∥T (ym)− T (yn)∥ = ∥ym − y′∥
≥ dist(ym,Rm+1)

≥ 1

2
.

Since this is true for all n,m, there is no subsequence of {T (yn)}n∈N that
is Cauchy and therefore can not converge contradicting the compactness of
T since {yn}n∈N is bounded. Consequently, there exists a k ∈ Z such that
Rj = Rk for all j ≥ k. Otherwise, by omitting the indices where they are
equal, we would obtain a decreasing sequence of closed subspaces. Let y be
an arbitrary element of V . Then, Sk(y) ∈ Rk = Rk+1 and so, there exists an
x ∈ V such that Sk+1(x) = Sk(y). Notice,
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Sk(y)− Sk+1(x) = Sk(y − S(x)) = 0.

Since N = {0}, then S−k(0) = S−1(0) therefore y = S(x) proving R = V.

Lemma 3.10. If R = V, then N = {0}. Consequently either case (i) or case
(ii) holds in Theorem 3.6.

Proof. Define a non-decreasing sequence of closed subspaces {Nj}j∈N by setting
Nj = S−j(0). This is justified since for any z ∈ Nj = {x ∈ V : Sj(x) = 0},
Sj+1(z) = S(Sj(z)) = S(0) = 0 and so, z ∈ Nj+1. Suppose for all j ∈ N
that Nj is a proper closed subspace of Nj+1. By Lemma 6.5, we construct the
sequence {yj}j∈N such that yj ∈ Nj+1, ∥yj∥ = 1, and dist(yj,Nj) ≥ 1

2
for each

j. Then, if k > j

T (yk)− T (yj) = yk − (yj + S(yk)− S(yj))

where yj ∈ Nj+1 ⊂ Nk, Sk(S(yk)) = Sk+1(yk) = 0 so S(yk) ∈ Nk and
Sk(S(yj)) = Sk+1(yj) = Sm(Sj+1(yj)) = Sm(0) = 0 giving S(yj) ∈ Nk. Set
y′ = yj + S(yk)− S(yj) ∈ Nk then

∥T (yk)− T (yj)∥ = ∥yk − y′∥
≥ dist(yk,Nk)

≥ 1

2
,

contradicting the compactness of T. Consequently, there exists an l ∈ Z such
that Nj = Nl for all j ≥ l. Let y ∈ Nl and since Sl(V ) = R = V, there
exists an x ∈ V such that y = Sl(x). Notice, Sl(y) = S2l(x) = 0 and so,
x ∈ N2l = Nl. Hence, y = Sl(x) = 0. Since y ∈ Nl was arbitrary, Nl = {0}.
Therefore, N = {0} since {0} ⊂ N ⊂ Nl = {0}.

To finish the proof, all that is left to show is boundedness of S−1 in case (ii)
whose existence is asserted since S is bijective. By Lemma 3.7, there exists a
constant C so that

dist(x̃,N ) ≤ C∥S(x̃)∥
holds for all x̃ ∈ V. Since N = {0}, it follows that dist(x̃,N ) = ∥x̃∥. Setting
x̃ = S−1(x) then,

∥S−1(x)∥ ≤ C∥x∥
for all x ∈ V. The Fredholm Alternative is therefore completely proved.

34



4 Degenerate Elliptic Equations

4.1 The Dirichlet Problem

The Dirichlet problem associated to this study is as follows, where the degen-
erate matrix valued function Q and non-negative weight w ∈ L1

loc(Ω) satisfy
(1.1), f ∈ L2(Ω), and we suppress dependence on x ∈ Ω:{

− 1

w
Div (Q∇u) +HTu+ Fu = f, x ∈ Ω;

u = 0, x ∈ ∂Ω.
(4.1)

In (4.1), F : Ω → R is a non-negative real-valued function, and for N ∈ N,
H : Ω → RN is a vector-valued function of the form H(x) = (h1(x), ..., hN(x)).
It is unnecessary to assume continuity or boundedness of the coefficient func-
tions H and F in general. The only requirement is that these functions belong
to various Orlicz and Lebesgue function spaces depending on the form of the
Sobolev inequality one is given. T is a vector of first order vector fields as-
sumed to be subunit with respect to the quadratic form ξTQξ where ξ ∈ Rn.
Specifically,

T(x) = (T1(x), T2(x), ..., TN(x))

where the first order vector field Ti(x) = ti(x) · ∇ =
n∑

j=1

tij(x)
∂

∂xj

is identified

with the vector function ti(x) = (ti1(x), ..., t
i
n(x)) that is subunit with respect

to the quadratic form ξTQξ. That is, each tij is defined and measurable in Ω
for each 1 ≤ j ≤ n and

|ti · ξ|2 ≤
|
√
Qξ |2

w
(4.2)

for all ξ ∈ Rn, and almost every x ∈ Ω. HT denotes the standard dot product
of H with T and given a real valued function u(x), the term HTu denotes

HTu =
N∑
i=1

hi(x)Ti(x)u(x) =
N∑
i=1

n∑
j=1

hi(x)t
i
j(x)

∂

∂xj

u(x).

Note, (4.2) allows us to establish the following pointwise estimate.
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Lemma 4.1. Fix N ∈ N and T(x) = (T1(x), ..., TN(x)) where each Ti(x) =
n∑

j=1

tij(x)
∂

∂xj

is identified with the vector ti(x) = (ti1, ...., t
i
n) that satisfies

|ti(x) · ξ|2 ≤
|
√
Q(x) ξ|2

w(x)

for every ξ ∈ Rn, and almost every x ∈ Ω. Then, for any (u,∇u) ∈ QH1
0 (Ω;w),

we have the pointwise estimate

|T(x)u(x)| ≤
√
N√
w(x)

|
√
Q(x)∇u(x)|. (4.3)

Proof. Fix (u,∇u) ∈ QH1
0 (Ω;w) and consider the following estimate:

|T(x)u(x)| =

(
N∑
i=1

(Ti(x)u(x))
2

) 1
2

=

(
N∑
i=1

(ti(x) · ∇u(x))2

) 1
2

≤

(
N∑
i=1

|
√

Q(x)∇u(x)|2

w(x)

) 1
2

=

√
N√
w(x)

|
√
Q(x)∇u(x)|.

Definition 4.2. A weak solution (u,∇u) ∈ QH1
0 (Ω;w) of the Dirichlet prob-

lem (4.1) exists if the following expression∫
Ω

∇uTQ∇v dx+

∫
Ω

vHTuwdx+

∫
Ω

vFuwdx =

∫
Ω

fv wdx (4.4)

holds for any Lipschitz function v with compact support in Ω.

We will always refer to these Lipschitz functions as “test functions” for our
weak solution (u,∇u) ∈ QH1

0 (Ω;w). Before proceeding, we establish the left-
hand side of (4.4) is a well-defined bilinear form acting on the Hilbert space
QH1

0 (Ω;w)×QH1
0 (Ω;w) to use the theory of Chapter 3.
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Lemma 4.3. L (u, v) =

∫
Ω

∇uTQ∇v dx+

∫
Ω

vHTuwdx+

∫
Ω

vFuwdx is well

defined on QH1
0 (Ω;w)×QH1

0 (Ω;w) in the following two cases:

i) If Sobolev inequality (2.19) holds and H, F ∈ L∞(Ω;w). Note, H ∈
L∞(Ω;w) means for H(x) = (h1(x), ..., hN(x)), hi(x) ∈ L∞(Ω;w) for
each 1 ≤ i ≤ n.

ii) If Sobolev inequality (2.20) holds and H ∈ LΨH (Ω;w), F ∈ LΨF (Ω;w),

where ΨH = et
2
γ − 1 and ΨF = et

1
γ − 1 for 0 < γ ≤ q

2
.

Proof. Item i) and ii) are proved in Lemma 4.5 and Lemma 4.12, respectively.

Lemma 4.4. L (u, v) =

∫
Ω

∇uTQ∇v dx +

∫
Ω

vHTuwdx +

∫
Ω

vFuwdx is a

bilinear form acting on QH1
0 (Ω;w)×QH1

0 (Ω;w) .

Proof. For L to be a bilinear form acting onQH1
0 (Ω;w)×QH1

0 (Ω;w), linearity
in the first and second argument must be satisfied. Let u, v, z ∈ QH1

0 (Ω;w)
and λ ∈ R. Then,

L (u+ z, v) =

∫
Ω

∇(u+z)TQ∇v dx+

∫
Ω

vHT(u+z)wdx+

∫
Ω

vF (u+ z) wdx

and since,∫
Ω

∇ (u+ z)T Q∇v dx =

∫
Ω

∇uTQ∇v dx+

∫
Ω

∇zTQ∇v dx

by the linearity of ∇, we find,

L (u+ z, v) = L (u, v) + L (z, v) .

Next, we consider

L (λu, v) =

∫
Ω

∇λuTQ∇v dx+

∫
Ω

vHT(λu)wdx+

∫
Ω

vF (λu) wdx

= λ

∫
Ω

∇uTQ∇vdx+ λ

∫
Ω

vHTuwdx+ λ

∫
Ω

vFuwdx

= λL (u, v) .

That is, L is linear in the first argument. Note, an identical argument shows
L is indeed linear in the second argument. Since, u, v, z ∈ QH1

0 (Ω;w) and
λ ∈ R were arbitrary, L is a bilinear form acting on QH1

0 (Ω;w)×QH1
0 (Ω;w).
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4.2 Existence of Solutions

4.2.1 Bounded Coefficients Case

Suppose Sobolev inequality (2.19) holds. Let the coefficient functions H, F ∈
L∞(Ω;w) with

∥H∥L∞(Ω;w) <
1

C
√
N

(4.5)

where C > 0 is from Sobolev inequality (2.19). Notice,

F (v) =

∫
Ω

fv wdx

is a bounded linear functional on QH1
0 (Ω;w) for a fixed f in L2(Ω) and so, we

proceed showing boundedness and almost coercivity of L .

Lemma 4.5. There exists a constant C > 0 such that

|L (u, v) | ≤ C∥u∥QH1
0(Ω;w)∥v∥QH1

0(Ω;w)

for all u, v ∈ QH1
0 (Ω;w).

Proof. Let u, v ∈ QH1
0 (Ω;w). Then, by Theorem 2.5

|L (u, v) | ≤
∫
Ω

|
√

Q∇u
√

Q∇v| dx+

∫
Ω

|vHTu|wdx+

∫
Ω

|vFu|wdx

≤ ∥
√

Q∇u∥L2(Ω)∥
√

Q∇v∥L2(Ω) +

∫
Ω

|v||H||Tu|wdx+

∫
Ω

|v||F ||u|wdx

≤ ∥u∥QH1
0(Ω;w)∥v∥QH1

0(Ω;w) + I + II.

We estimate terms I and II separately beginning with the former. By Lemma
4.1 and Theorem 2.6, we have that

I =

∫
Ω

|v||H||Tu|wdx

≤
√
N

∫
Ω

|v
√
w||H||

√
Q∇u| dx

≤
√
N∥H∥L∞(Ω;w) ∥v

√
w∥L2(Ω) ∥

√
Q∇u∥L2(Ω)

≤
√
N∥H∥L∞(Ω;w)∥u∥QH1

0(Ω;w)∥v∥QH1
0(Ω;w),
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where ∥v
√
w∥L2(Ω) = ∥v∥L2(Ω;w). Transitioning to II, Theorem 2.6 gives

II =

∫
Ω

|v||F ||u|wdx

≤ ∥F∥L∞(Ω;w)∥v
√
w∥L2(Ω)∥u

√
w∥L2(Ω)

≤ ∥F∥L∞(Ω;w)∥u∥QH1
0(Ω;w)∥v∥QH1

0(Ω;w).

Combining these estimates we find,

|L (u, v) | ≤
(
1 +

√
N∥H∥L∞(Ω) + ∥F∥L∞(Ω)

)
∥u∥QH1

0(Ω;w)∥v∥QH1
0(Ω;w).

Setting C = 1 +
√
N∥H∥L∞(Ω) + ∥F∥L∞(Ω) > 0 gives

|L (u, v) | ≤ C∥u∥QH1
0(Ω;w)∥v∥QH1

0(Ω;w).

The bilinear form (4.4) fails to satisfy the coercivity property in the Lax-
Milgram Theorem. However, it is almost coercive meaning L is only a compact
operator away from having an associated coercive bilinear form. It is worth
noting that if H = 0 and F = 0 almost everywhere in Ω then L satisfies the
coercivity criterion by Lemma 5.2.

Lemma 4.6. There are constants c1, c2 > 0 such that

L (u, u) ≥ c1∥u∥2QH1
0(Ω;w)

− c2∥u∥2L2(Ω;w)

for all u ∈ QH1
0 (Ω;w).

Proof. Fix u ∈ QH1
0 (Ω;w). Then,

L (u, u) ≥
∫
Ω

|
√

Q∇u|2 dx−
∣∣∣∫

Ω

uHTuwdx
∣∣∣−∣∣∣∫

Ω

uFuwdx
∣∣∣

≥
∫
Ω

|
√

Q∇u|2 dx−
∫
Ω

|u||H||Tu|wdx−
∫
Ω

|Fu2|wdx

≥ 1

(c̃+ 1)2
∥u∥2QH1

0(Ω) − I − II
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by Lemma 5.2. We estimate terms I and II separately beginning with I. By
Lemma 4.1, Theorem 2.6, and Lemma 2.4 we have that for any ε > 0,

I ≤
√
N

∫
Ω

|u
√
w||H||

√
Q∇u| dx

≤
√
N∥H∥L∞(Ω;w)∥u∥L2(Ω;w)∥

√
Q∇u∥L2(Ω)

≤
√
N∥H∥L∞(Ω;w) ε∥u∥2L2(Ω;w) +

√
N∥H∥L∞(Ω;w) ε

−1∥
√

Q∇u∥2L2(Ω)

≤
√
N∥H∥L∞(Ω;w) ε∥u∥2L2(Ω;w) +

√
N∥H∥L∞(Ω;w) ε

−1∥u∥2QH1
0(Ω;w)

≤

(
∥H∥2L∞(Ω;w)

2
+

N

2

)
ε∥u∥2L2(Ω;w) +

(
∥H∥2L∞(Ω;w)

2
+

N

2

)
ε−1∥u∥2QH1

0(Ω;w).

Choosing ε =
(
∥H∥2L∞(Ω;w) +N

)
(c̃+ 1)2 > 0 then,

I ≤

(
∥H∥2L∞(Ω;w) +N

)2
(c̃+ 1)2

2
∥u∥2L2(Ω;w) +

(
1

2 (c̃+ 1)2

)
∥u∥2QH1

0(Ω;w).

Transitioning to II, Theorem 2.6 gives

II ≤ ∥F∥L∞(Ω;w)∥u2w∥L1(Ω)

= ∥F∥L∞(Ω;w)∥u∥2L2(Ω;w).

Combining these estimates we find,

L (u, u) ≥ 1

2 (c̃+ 1)2
∥u∥2QH1

0(Ω;w) −


(
∥H∥2L∞(Ω;w) +N

)2
(c̃+ 1)2

2
+ ∥F∥L∞(Ω;w)

 ∥u∥2L2(Ω;w).

Setting c1 =
1

2 (c̃+ 1)2
, c2 =

(
∥H∥2L∞(Ω;w) +N

)2
(c̃+ 1)2

2
+ ∥F∥L∞(Ω;w) where

c1, c2 > 0 gives

L (u, u) ≥ c1∥u∥2QH1
0(Ω;w)

− c2∥u∥2L2(Ω;w).

We take advantage of L satisfying almost coercivity by setting

B(z, v) = L (z, v) + c2

∫
Ω

zv wdx
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for z, v ∈ QH1
0 (Ω;w). Since∣∣∣∫

Ω

zv wdx
∣∣∣≤ ∥z∥QH1

0(Ω;w)∥v∥QH1
0(Ω;w),

B is bounded. More, by Lemma 4.6

B (z, z) = L (z, z) + c2∥z∥2L2(Ω;w)

≥ c1∥z∥2QH1
0(Ω;w) − c2∥z∥2L2(Ω;w) + c2∥z∥2L2(Ω;w)

= c1∥z∥2QH1
0(Ω;w).

Hence, B is coercive and since the QH1
0 (Ω;w) norm is equivalent to the inner

product (2.18), the Lax-Milgram Theorem gives for every G ∈ (QH1
0 (Ω;w))

∗,
there exists a unique z ∈ QH1

0 (Ω;w) so that

B(z, v) = G (v)

holds for each v ∈ Lip0(Ω). This defines a mapping

S : (QH1
0 (Ω;w))

∗ → QH1
0 (Ω;w)

sending the bounded linear functional to the corresponding weak solution in
QH1

0 (Ω;w). The mapping S is linear, continuous, bijective, and therefore in-
vertible. That is, S−1 : QH1

0 (Ω;w) → (QH1
0 (Ω;w))

∗ is also linear, contin-
uous, and bijective. Define the mapping IL2 : L2(Ω;w) → (L2(Ω;w))∗ ⊂
(QH1

0 (Ω;w))
∗ by setting, for h ∈ L2(Ω;w),

IL2(h)(s) =

∫
Ω

hswdx

for every s ∈ L2(Ω;w). Note, IL2 is continuous because it is linear and bounded.
Since the projection mapping Π : QH1

0 (Ω;w) → L2(Ω;w) is defined by

Π((u,∇u)) = u,

then for every v ∈ QH1
0 (Ω;w),∫

Ω

uv wdx = IL2Π((u,∇u))(v).

As IL2 is continuous and Π is compact, the composition IL2Π is compact. This
composition property enables the establishment of the following lemma.
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Lemma 4.7. Let u ∈ QH1
0 (Ω;w). Then, u is a solution of (4.4) if and only if

u is a solution to the equation (I −K)u = α where I is the identity mapping,
K = c2SIL2Π is a compact operator, and α = S(F (v)) ∈ QH1

0 (Ω;w).

Proof. Suppose u ∈ QH1
0 (Ω;w) is a solution of (4.4). Then, u is a solution of

B(u, v) = L (u, v) + c2

∫
Ω

uv wdx =

∫
Ω

fv wdx+ c2

∫
Ω

uv wdx = G (v). (4.6)

Notice, (4.6) is equivalent to

B(u, v)− c2IL2Π((u,∇u))(v) =

∫
Ω

fv wdx = F (v). (4.7)

Applying the mapping S : (QH1
0 (Ω;w))

∗ → QH1
0 (Ω;w) to (4.7) gives

S(B(u, v))− c2S(IL2Π((u,∇u))(v)) = S(F (v)) (4.8)

where S(B(u, v)) = u since u is a solution of (4.6) and S(F (v)) = α for some
α ∈ QH1

0 (Ω;w). Since S is continuous and IL2Π is compact, we can define
the compact operator K : QH1

0 (Ω;w) → QH1
0 (Ω;w) by setting K = c2SIL2Π.

That is,
Ku = c2S(IL2Π((u,∇u))(v))

and so, u is a solution to the equation (I − K)u = α. If u is a solution of
(I −K)u = α, the reverse argument shows u is a solution of (4.4).

By the Fredholm Alternative, either the homogeneous equation

(I −K)u = 0

has a nontrivial solution u ∈ QH1
0 (Ω;w) or for each α ∈ QH1

0 (Ω;w), the
equation

(I −K)u = α

has a uniquely determined solution u ∈ QH1
0 (Ω;w). In our context, the kernel

of the operator I − K is trivial and so, the former is impossible. To prove
this, it suffices to show the only weak solution to the homogeneous Dirichlet
problem is (u,∇u) = (0,0). This argument, however, requires the choice of
a test function v ∈ QH1

0 (Ω;w) to construct a contradiction. Therefore, we
demonstrate that a weak solution of (4.4) not only holds for all v ∈ Lip0(Ω),
but also holds for all v ∈ QH1

0 (Ω;w) by the following density argument.
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Lemma 4.8. Suppose that the Sobolev inequality (2.19) holds. If u ∈ QH1
0 (Ω;w)

is a weak solution of (4.4), then

L (u, v) = F (v)

holds for all v ∈ QH1
0 (Ω;w).

Proof. Let (u,∇u) and (h,∇h) ∈ QH1
0 (Ω;w) where the former is a weak

solution of (4.4). Then, there is a representative sequence {fn} ∈ Lip0(Ω)
such that

∥fn − h∥L2(Ω;w) → 0 as n → ∞

and

∥
√
Q∇fn −

√
Q∇h∥L2(Ω) → 0 as n → ∞.

Fix n ∈ N, then

|L (u, h)− L (u, fn)| ≤ I + II + III,

where

I =

∫
Ω

|
√

Q∇u(
√

Q∇h−
√
Q∇fn)| dx ≤ ∥

√
Q∇u∥L2(Ω)∥

√
Q∇h−

√
Q∇fn∥L2(Ω);

II =

∫
Ω

|(h− fn)HTu|wdx ≤
√
N∥H∥L∞(Ω;w)∥

√
Q∇u∥L2(Ω)∥h− fn∥L2(Ω;w);

III =

∫
Ω

|(h− fn)Fu|wdx ≤ ∥F∥L∞(Ω;w)∥u∥L2(Ω;w)∥h− fn∥L2(Ω;w).

More,

|F (h)− F (fn)| =
∣∣∣∫

Ω

f(h− fn)wdx
∣∣∣

≤ ∥f∥L2(Ω)∥h− fn∥L2(Ω;w).

Noting L (u, fn) = F (fn) for each n ∈ N, sending n → ∞ gives

L (u, h) = lim
n→∞

F (fn) = F (h).
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Lemma 4.9. If u ∈ QH1
0 (Ω;w) is a weak solution of the Dirichlet problem{

− 1

w
Div (Q∇u) +HTu+ Fu = 0, x ∈ Ω;

u = 0, x ∈ ∂Ω;
(4.9)

then (u,∇u) = (0,0) in QH1
0 (Ω;w).

Proof. Let (u,∇u) ∈ QH1
0 (Ω;w) be a weak solution of (4.9) such that (u,∇u) ̸=

(0,0). Then,

L (u, v) =

∫
Ω

∇uTQ∇v dx+

∫
Ω

vHTuwdx+

∫
Ω

vFuwdx = 0

holds for all v ∈ QH1
0 (Ω;w). Note, since (u,∇u) ̸= (0,0), Sobolev inequality

(2.19) gives that supp(|
√
Q∇u|) has positive measure. If H = 0, F = 0, we

let the test function v = u, then by Lemma 5.2,

0 = L (u, u) =

∫
Ω

|
√
Q∇u|2 dx ≥ 1

(c̃+ 1)2
∥u∥2QH1

0 (Ω;w).

That is, (u,∇u) = (0,0) by non-negativity of the norm. From this point
onward, we will assume that

∥H∥L∞(Ω;w) + ∥F∥L∞(Ω;w) ̸= 0.

Let the test function v = u. Since F is non-negative, then by Lemma 4.1 and
Theorem 2.6,∫

Ω

|
√

Q∇u|2 dx = −
∫
Ω

uHTuwdx−
∫
Ω

Fu2wdx

≤
∫
Ω

|u
√
w||H||Tu|

√
wdx

≤
√
N

∫
Ω

|u
√
w||H||

√
Q∇u| dx

≤
√
N∥H∥L∞(Ω;w)∥u∥L2(Ω;w)∥

√
Q∇u∥L2(Ω).

Dividing by ∥
√
Q∇u∥L2(Ω) and employing Sobolev inequality (2.19),(∫

Ω

|
√

Q∇u|2 dx
) 1

2

≤
√
N∥H∥L∞(Ω;w)∥u∥L2(Ω;w)

≤ C
√
N∥H∥L∞(Ω;w)∥

√
Q∇u∥L2(Ω).

Dividing again by ∥
√
Q∇u∥L2(Ω),
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1 ≤ C
√
N∥H∥L∞(Ω;w)

giving a contradiction by (4.5). Therefore, u = 0 almost everywhere in Ω.
Consequently, any weak solution of (4.9) is of the form (u,∇u) = (0,∇u) for
almost every x ∈ Ω. Let (0,∇u) be a weak solution of (4.9) then,

L (u, v) =

∫
Ω

∇uTQ∇v dx = 0

holds for all v ∈ QH1
0 (Ω;w). Set v = (0,∇u) then∫

Ω

|
√

Q∇u|2 dx = 0.

By a previous argument, this shows∇u = 0 almost everywhere in Ω. Therefore,
(u,∇u) = (0,0) is the only possible weak solution of (4.9).

Since the kernal of the operator I −K is trivial, the Fredholm Alternative
guarantees the existence of a unique solution (u,∇u) ∈ QH1

0 (Ω;w) satisfying
(I −K)u = α. By Lemma 4.7, we have proved the following theorem.

Theorem 4.10. Let Q be a non-negative definite symmetric matrix-valued
function in Ω ⊂ Rn with the non-negative weight w ∈ L1

loc(Ω) that satisfies
(1.1). Suppose there exists a constant C > 0 such that

∥φ∥L2(Ω;w) ≤ C∥
√
Q∇φ∥L2(Ω)

for all φ ∈ Lip0(Ω). Then, given f ∈ L2(Ω), there is a unique weak solution
(u,∇u) ∈ QH1

0 (Ω;w) of the Dirichlet problem{
− 1

w
Div (Q∇u) +HTu+ Fu = f, x ∈ Ω;

u = 0, x ∈ ∂Ω;
(4.10)

whenever H, F ∈ L∞(Ω;w) and T is a vector of first order vector fields satis-
fying (4.2).

4.2.2 Exponentially Integrable Coefficients Case

Suppose Sobolev inequality (2.20) holds and let the coefficient functions H ∈
LΨH(Ω;w) and F ∈ LΨF (Ω;w) where ΨH(t) = et

2
γ − 1 and ΨF (t) = et

1
γ − 1 for

0 < γ ≤ q
2
. Notice, Lemma 4.7 was independent of the roughness of H, F, and

only dependent on the continuity of the mapping
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S : (QH1
0 (Ω;w))

∗ → QH1
0 (Ω;w)

and the compactness of the projection mapping

Π : QH1
0 (Ω;w) → QH1

0 (Ω;w).

Therefore, we make the identical argument seen in the previous section to
prove Theorem 4.16 after establishing the following estimate that is required
in Lemma 4.12 and Lemma 4.13. In the development hereafter, constants
K1, K2, K3, andK4 correspond to Lemma 4.11, Sobolev inequality (2.20), The-
orem 5.1, and Lemma 2.22 respectively. Note, the properties of every Young
Function used throughout this section is summarized in Table 1.

Lemma 4.11. Let u ∈ QH1
0 (Ω;w). Then,

∥uH∥L2(Ω;w) ≤ C∥u∥LΦ(Ω;w)∥H∥LΨH (Ω;w)

where Φ(t) = t2log(e− 1 + t)γ for 0 < γ ≤ q
2
and C > 1.

Proof. Let E(t) = t log(e − 1 + t)γ then Ē(t) = et
1
γ − 1 and set A(t) =

t2 log(e − 1 + t2)γ. Since E(t) = A(t
1
2 ) and Ē(t) = ΨH(t

1
2 ), Proposition 2.19

demonstrates

∥u2∥LE(Ω;w) = ∥u∥2LA(Ω;w);

∥H2∥LĒ(Ω;w) = ∥H∥2LΨH (Ω;w).

where H2 denotes the dot product of H with itself. Notice, A(t) ≤ t2 log((e−
1 + t)2)γ = 2γt2 log(e − 1 + t)γ = 2γΦ(t). Therefore, by Theorem 2.18 and
Proposition 2.23

∥uH∥2L2(Ω;w) =

∫
Ω

|u|2|H|2wdx

≤ 2∥u2∥LE(Ω;w)∥H2∥LĒ(Ω;w)

≤ 2γ+1∥u∥2LΦ(Ω;w)∥H∥2LΨH (Ω;w).

Taking the square root of both sides and setting C = 2
γ+1
2 > 1 gives

∥uH∥L2(Ω;w) ≤ C∥u∥LΦ(Ω;w)∥H∥LΨH (Ω;w).
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Lemma 4.12. There exists a constant C > 0 such that

|L (u, v) | ≤ C∥u∥QH1
0(Ω;w)∥v∥QH1

0(Ω;w)

for all u, v ∈ QH1
0 (Ω;w).

Proof. Let u, v ∈ QH1
0 (Ω;w). Then, by Theorem 2.5

|L (u, v) | ≤
∫
Ω

|
√

Q∇u
√

Q∇v| dx+

∫
Ω

|vHTu|wdx+

∫
Ω

|vFu|wdx

≤ ∥
√

Q∇u∥L2(Ω)∥
√

Q∇v∥L2(Ω) +

∫
Ω

|v||H||Tu|wdx+

∫
Ω

|v||F ||u|wdx

≤ ∥u∥QH1
0(Ω;w)∥v∥QH1

0(Ω;w) + I + II.

We estimate terms I and II separately beginning with the former. By Lemma
4.1, Theorem 2.5, Lemma 4.11, Proposition 2.23, Lemma 7.4, and Sobolev
inequality (2.20), we have that

I =

∫
Ω

|v|H||Tu|wdx

≤
√
N

∫
Ω

|v
√
wH||

√
Q∇u| dx

≤
√
N∥vH∥L2(Ω;w)∥

√
Q∇u∥L2(Ω)

≤
√
NK1∥H∥LΨH (Ω;w)∥v∥LΦ(Ω;w)∥u∥QH1

0(Ω;w)

≤
√
NK12

q∥H∥LΨH (Ω;w)∥v∥LΨ(Ω;w)∥u∥QH1
0(Ω;w)

≤
√
NK1K22

q∥H∥LΨH (Ω;w)∥u∥QH1
0(Ω;w)∥v∥QH1

0(Ω;w).

Before estimating II, notice for c =
2q

log(e− 1)q
that

Ψ−1(t)Ψ−1
F (t) ≤ Ψ̄−1(ct)

by Lemma 7.5 for all t ≥ 0. Therefore, Theorem 5.1 with λ1 = λ2 = 1 gives

∥vF∥LΨ̄(Ω;w) ≤ K3∥F∥LΨF (Ω;w)∥v∥LΨ(Ω;w).
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Transitioning to II, Theorem 2.18 and Sobolev inequality (2.20) give

II =

∫
Ω

|v||F ||u|wdx

≤ 2∥u∥LΨ(Ω;w)∥vF∥LΨ̄(Ω;w)

≤ 2K3∥F∥LΨF (Ω;w)∥u∥LΨ(Ω;w)∥v∥LΨ(Ω;w)

≤ 2K2
2K3∥F∥LΨF (Ω;w)∥u∥QH1

0(Ω;w)∥v∥QH1
0(Ω;w).

Choosing

C = 1 +
√
NK1K22

q∥H∥LΨH (Ω;w) + 2K2
2K3∥F∥LΨF (Ω;w) > 0

then

|L (u, v) | ≤ C∥u∥QH1
0(Ω;w)∥v∥QH1

0(Ω;w).

Lemma 4.13. There are constants c1, c2 > 0 such that

L (u, u) ≥ c1∥u∥2QH1
0(Ω;w)

− c2∥u∥2L2(Ω;w)

for all u ∈ QH1
0 (Ω;w).

Proof. Fix u ∈ QH1
0 (Ω;w). By the reverse triangle inequality,

L (u, u) ≥
∫
Ω

|
√

Q∇u|2 dx−
∣∣∣∫

Ω

uHTuwdx
∣∣∣−∣∣∣∫

Ω

uFuwdx
∣∣∣

≥
∫
Ω

|
√

Q∇u|2 dx−
∫
Ω

|u||H||Tu|wdx−
∫
Ω

|Fu2|wdx

≥ 1

(c̃+ 1)2
∥u∥2QH1

0(Ω;w) − I − II

by Lemma 5.2. We estimate terms I and II separately beginning with I. Let
E(t) = t log(e− 1 + t)γ and B(t) = t log(e− 1 + t)q. Since 0 < γ ≤ q

2
, we have

that

t
1
2 (B−1(t))

1
2 ≤ E−1(ct)
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for all t ≥ 1 when c = 1; see Lemma 7.6 and definition 7.3. Therefore, by
Lemma 2.22

∥u2∥
1
2

LE(Ω;w)
≤
(
K4ε

−1
1 ∥u2∥L1(Ω;w) +K4ε1∥u2∥LB(Ω;w)

) 1
2

≤
(
K4ε

−1
1 ∥u2∥

1
2

L1(Ω;w) +K4ε1∥u2∥
1
2

LB(Ω;w)

)
.

Set C(t) = t2 log(e− 1 + t2)q then B(t) = C(t
1
2 ) and Proposition 2.19 gives

∥u2∥
1
2

L1(Ω;w) = ∥u∥L2(Ω;w);

∥u2∥
1
2

LB(Ω;w)
= ∥u∥LC(Ω;w).

Notice, C(t) ≤ t2 log((e− 1 + t)2)q = 2qΨ(t) and so, by Proposition 2.23

∥u∥LC(Ω;w) ≤ 2q∥u∥LΨ(Ω;w) = K5∥u∥LΨ(Ω;w).

That is,

∥u2∥
1
2

LE(Ω;w)
≤ K4ε

−1
1 ∥u∥L2(Ω;w) +K4K5ε1∥u∥LΨ(Ω;w).

By Lemma 4.1, Theorem 2.5, Theorem 2.18, Proposition 2.19, Corollary 2.4,
and Sobolev inequality (2.20), we have that

I =

∫
Ω

|u||H||Tu|wdx

≤
√
N

∫
Ω

|u
√
wH||

√
Q∇u| dx

≤
√
N∥uH∥L2(Ω;w)∥

√
Q∇u∥L2(Ω)

=
√
N

∫
Ω

|u|2|H|2wdx

 1
2

∥
√

Q∇u∥L2(Ω)

≤
√
2N∥H2∥

1
2

LĒ(Ω;w)
∥u2∥

1
2

LE(Ω;w)
∥
√

Q∇u∥L2(Ω)

=
√
2N∥H∥LΨH (Ω;w)∥u2∥

1
2

LE(Ω;w)
∥
√

Q∇u∥L2(Ω)

≤
√
2N∥H∥LΨH (Ω;w)

(
K4ε

−1
1 ∥u∥L2(Ω;w) +K4K5ε1∥u∥LΨ(Ω;w)

)
∥
√

Q∇u∥L2(Ω)

≤
√
2N∥H∥LΨH (Ω;w)K4ε

−1
1

(
ε2∥
√

Q∇u∥2L2(Ω) + ε−1
2 ∥u∥2L2(Ω;w)

)
+
√
2N∥H∥LΨH (Ω;w)K2K4K5ε1∥u∥2QH1

0 (Ω;w)

≤ K4

2

(
2N + ∥H∥2LΨH

) (
ε−1
1 ε2 +K2K5ε1

)
∥u∥2QH1

0 (Ω;w) +
K4

2

(
N + ∥H∥2LΨH

)
ε−1
2 ∥u∥2L2(Ω;w),
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where ε1, ε2 > 0 and will be chosen momentarily. Transitioning to II and
employing Theorem 2.18, Lemma 2.22, Proposition 2.19, Proposition 2.23,
Corollary 2.4, and Sobolev inequality (2.20) gives

II =

∫
Ω

|Fu2|wdx

≤ 2∥F∥LΨF (Ω;w)∥u2∥LE(Ω;w)

≤ 2∥F∥LΨF (Ω;w)

(
K4ε

−1
3 ∥u∥2L2(Ω;w) +K4K5ε3∥u∥2LΨ(Ω;w)

)
≤
(
∥F∥2LΨF (Ω;w) +K2

4

)
ε−1
3 ∥u∥2L2(Ω;w) +

(
∥F∥2LΨF (Ω;w) +K2

4

)
K2

2K5ε3∥u∥2QH1
0 (Ω;w).

Choose ε1, ε2, and ε3 > 0 such that

ε1 =
2

K2K4K5

(
2N + ∥H∥2

LΨH

)
µ1(c̃+ 1)2

;

ε2 =
2ε1

K4

(
2N + ∥H∥2

LΨH

)
µ2(c̃+ 1)2

;

ε3 =
1

K2
2K5

(
∥F∥2

LΨF (Ω;w)
+K2

4

)
µ3(c̃+ 1)2

where µ1, µ2, µ3 ∈ R satisfy

1− 1

µ1

− 1

µ2

− 1

µ3

= µ > 0.

Setting c1, c2 > 0 as follows completes the proof

c1 =
1

µ(c̃+ 1)2
;

c2 = K4

(
2N + ∥H∥2

LΨH

2

)
ε−1
1 +

(
∥F∥2LΨF (Ω;w) +K2

4

)
ε−1
2 .

Lemma 4.14. Suppose that the Sobolev inequality (2.20) holds. If u ∈ QH1
0 (Ω;w)

is a weak solution of (4.4), then

L (u, v) = F (v)
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holds for all v ∈ QH1
0 (Ω;w).

Proof. Let (u,∇u) ∈ QH1
0 (Ω;w) be a weak solution of (4.4) and let (h,∇h) ∈

QH1
0 (Ω;w). Then, there is a representative sequence {fn} ∈ Lip0(Ω;w) such

that

∥fn − h∥L2(Ω;w) → 0 as n → ∞

and

∥
√
Q∇fn −

√
Q∇h∥L2(Ω) → 0 as n → ∞.

Fix n ∈ N, then

|L (u, h)− L (u, fn)| ≤ I + II + III

where

I =

∫
Ω

|
√

Q∇u(
√

Q∇h−
√

Q∇fn)| dx

≤ ∥
√

Q∇u∥L2(Ω)∥
√
Q∇h−

√
Q∇fn∥L2(Ω);

II =

∫
Ω

|(h− fn)HTu|wdx

≤
√
N

∫
Ω

|(h− fn)H||
√
Q∇u|wdx

≤
√
N∥(h− fn)H∥L2(Ω;w)∥

√
Q∇u∥L2(Ω)

≤
√
NC∥H∥LΨH (Ω;w)∥(h− fn)∥LΦ(Ω;w)∥

√
Q∇u∥L2(Ω)

≤
√
NC∥H∥LΨH (Ω;w)∥(h− fn)∥LΨ(Ω;w)∥

√
Q∇u∥L2(Ω);

≤
√
NCK2∥H∥LΨH (Ω;w)∥

√
Q∇h−

√
Q∇fn∥L2(Ω)∥

√
Q∇u∥L2(Ω);

III =

∫
Ω

|(h− fn)Fu|wdx

≤ 2∥(h− fn)F∥LΨ̄(Ω;w)∥u∥LΨ(Ω;w)

≤ 2K3∥F∥LΨF (Ω;w)∥h− fn∥LΨ(Ω;w)∥u∥LΨ(Ω;w)

≤ 2K2K3∥F∥LΨF (Ω;w)∥
√

Q∇h−
√

Q∇fn∥L2(Ω)∥u∥LΨ(Ω;w).
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Additionally,

|F (h)− F (fn)| =
∣∣∣∫

Ω

f(h− fn)wdx
∣∣∣

≤ ∥f∥L2(Ω;w)∥h− fn∥L2(Ω;w).

Since L (u, fn) = F (fn) for each n ∈ N, sending n → ∞ gives

L (u, h) = lim
n→∞

F (fn) = F (h).

Lemma 4.15. If u ∈ QH1
0 (Ω;w) is a weak solution of the Dirichlet problem{

− 1

w
Div (Q∇u) +HTu+ Fu = 0, x ∈ Ω;

u = 0, x ∈ ∂Ω;
(4.11)

then (u,∇u) = (0,0) in QH1
0 (Ω;w).

Proof. Let (u,∇u) ∈ QH1
0 (Ω;w) be a weak solution of (4.11) such that

(u,∇u) ̸= (0,0). Then,

L (u, v) =

∫
Ω

∇uTQ∇v dx+

∫
Ω

vHTuwdx+

∫
Ω

vFuwdx = 0

holds for all v ∈ QH1
0 (Ω;w). Note, since (u,∇u) ̸= (0,0) Sobolev inequality

(2.20) gives that supp(|
√
Q∇u|) has positive measure. If H = 0, F = 0, we

let u = v, then by Lemma 5.2,

0 = L (u, u) =

∫
Ω

|
√
Q∇u|2 dx ≥ 1

(c̃+ 1)2
∥u∥2QH1

0 (Ω;w).

That is, (u,∇u) = (0,0) by non-negativity of the norm. From this point
onward, we will assume that

∥H∥LΨH (Ω;w) + ∥F∥LΨF (Ω;w) ̸= 0.

For each k > 0, (v,∇v) = ((u − k)+,1{u>k}∇u) is a valid test function for u;
see [1]. Note, ∇v = ∇u on the support of ∇v and since F is non-negative,
then by Lemma 4.1 and Theorem 2.5,
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∫
Ω

|
√

Q∇v|2 dx = −
∫
Ω

vHTuwdx−
∫
Ω

vFuwdx

=

∫
Ω

vHTv wdx−
∫
Ω

Fv2wdx− k

∫
Ω

vF wdx

≤
∫
Ω

|v
√
wH||Tv|

√
w dx

≤
√
N∥vH∥L2(Ω;w)∥

√
Q∇v∥L2(Ω).

Dividing by ∥
√
Q∇v∥L2(Ω),

∫
Ω

|
√

Q∇v|2 dx

 1
2

≤
√
N∥vH∥L2(Ω;w). (4.12)

By Lemma 4.11

∥vH∥2L2(Ω;w) ≤ 2γ+1∥H∥2LΨH (Ω;w)∥v · 1∥
2
LΦ(Ω;w)

and with φ−1(t) = log(e− 1 + t)
q−γ
2 , φ(t) = et

2
q−γ − 1 we have that

Ψ−1(t)φ−1(t) ≤ Φ−1(ct)

for all t ≥ 0 when c = 1. Theorem 5.1 with λ1 = λ2 = 1 and Proposition 2.24
then show

∥v · 1∥LΦ(Ω;w) ≤ K6∥v∥LΨ(Ω;w)∥1s∥Lφ(Ω;w),

where ∥1s∥Lφ(Ω;w) =
1

log

(
e− 1 +

1

w(S)

) q−γ
2

and S = supp(|
√
Q∇v|). Thus,

∥vH∥2L2(Ω;w) ≤ 2γ+1∥H∥2LΨH (Ω;w)∥v∥
2
LΨ(Ω;w)∥1s∥2Lφ(Ω;w)

≤ 2γ+1K2
2K6∥H∥2LΨH (Ω;w)∥

√
Q∇v∥2L2(Ω;w)∥1s∥2Lφ(Ω;w).

(4.13)
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Furthering estimate (4.12) with (4.13) and Proposition 2.3(∫
Ω

|
√

Q∇v|2 dx
) 1

2

≤ 2
γ+1
2

√
NK2

√
K6∥H∥LΨH (Ω;w)∥

√
Q∇v∥L2(Ω;w)∥1s∥Lφ(Ω;w)

≤
(
2γ+1 +N

2

)
K2

√
K6∥H∥LΨH (Ω;w)∥

√
Q∇v∥L2(Ω;w)∥1s∥Lφ(Ω;w).

Dividing by ∥
√
Q∇v∥L2(Ω;w) and setting β =

(
2γ+1 +N

2

)
K2

√
K6∥H∥LΨH (Ω;w),

we find

1 ≤ β

log

(
e− 1 +

1

w(S)

) q−γ
2

.

Setting δ =

(
1

β

) 2
q−γ

> 0 and isolating for w(S) we find

0 <
1

e
1
δ

≤ w(S).

This estimate is independent of k and letting k → sup
Ω
(u) > 0 gives us that

v = 0 almost everywhere while the L1(Ω) function |
√
Q∇v|2 has support with

positive measure contradicting (4.12). Therefore,

sup
Ω
(u) ≤ 0.

Since (v,∇v) = ((u + k)−,1{u<−k}∇u) is another valid test function (see [1]),
repeating the identical argument and letting k → inf

Ω
(u) < 0, we obtain the

same contradiction and conclude

inf
Ω
(u) ≥ 0.

Therefore, u = 0 almost everywhere in Ω. Hence, any solution of (4.11) is of
the form (u,∇u) = (0,∇u) ∈ QH1

0 (Ω). Let (0,∇u) be a weak solution of
(4.11) then,

L (u, v) =

∫
Ω

∇uTQ∇v dx = 0
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holds for all v ∈ QH1
0 (Ω;w). Set v = (0,∇u) then∫

Ω

|
√

Q∇u|2 dx = 0.

By a previous argument, this shows∇u = 0 almost everywhere in Ω. Therefore,
(u,∇u) = (0,0) is the only possible weak solution of (4.11).

By the Fredholm Alternative and Lemma 4.7, we have proved the following
theorem.

Theorem 4.16. Let Q be a non-negative definite symmetric matrix-valued
function in Ω ⊂ Rn with the non-negative weight w ∈ L1

loc(Ω) that satisfies
(1.1). Suppose there exists a constant C > 0 such that

∥φ∥LΨ(Ω;w) ≤ C∥
√
Q∇φ∥L2(Ω)

for all φ ∈ Lip0(Ω). Then, given f ∈ L2(Ω), there is a unique weak solution
(u,∇u) ∈ QH1

0 (Ω;w) of the Dirichlet problem{
− 1

w
Div (Q∇u) +HTu+ Fu = f, x ∈ Ω;

u = 0, x ∈ ∂Ω;
(4.14)

whenever H ∈ LΨH (Ω;w), F ∈ LΨF (Ω;w) where ΨH(t) = et
2
γ − 1, ΨF (t) =

et
1
γ − 1 for 0 < γ ≤ q

2
∈ R+ and T is a vector of first order vector fields

satisfying (4.2).
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5 Appendix A - Preliminary Estimates

The proof of the following theorem can be found in [11].

Theorem 5.1. Let (X,A, µ) be a measure space and let Ψ1,Ψ2, ...,Ψm and
λ1, λ2, ..., λm be Young functions and positive real numbers, respectively. Sup-
pose that Φ is a Young function whose inverse satisfies

m∏
j=1

Ψ−1
j (t)λj ≤ Φ−1(ct) (5.1)

for some constant c > 0 and t ≥ µ(X)−1. Then, for any collection of real-
valued µ-measurable functions f1, f2, ..., fm on X, there exists a constant C
that is independent of each fj such that∥∥∥ m∏

j=1

|fj|λj

∥∥∥
LΦ(X,A, µ)

≤ C
m∏
j=1

∥fj∥
λj

LΨj (X,A, µ)
. (5.2)

Lemma 5.2. Suppose Sobolev inequality (2.19) holds. Then, there are con-
stants c1, c2 > 0 such that

c1∥f∥QH1
0(Ω;w) ≤ ∥f∥L2(Q;Ω) ≤ c2∥f∥QH1

0(Ω;w) (5.3)

for all f ∈ QH1
0 (Ω;w) where ∥f∥L2(Q;Ω) =

∫
Ω

|
√

Q∇f |2 dx

 1
2

.

Proof. Clearly ∥f∥L2(Q;Ω) ≤ c2∥f∥QH1
0(Ω) for c2 = 1. By Sobolev inequality

2.19, we have that

∥f∥QH1
0(Ω;w) ≤ c̃

(∫
Ω

|
√

Q∇f |2 dx
) 1

2

+

(∫
Ω

|
√

Q∇f |2 dx
) 1

2

= (c̃+ 1) ∥f∥L2(Q;Ω).

Setting c1 =
1

c̃+ 1
> 0 we find,

c1∥f∥QH1
0(Ω;w) ≤ ∥f∥L2(Q;Ω) ≤ c2∥f∥QH1

0(Ω;w).
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6 Appendix B - Supporting Theorems

The proofs of these results can be found in [8] and [12].

6.1 Lax-Milgram Theorem Prerequisite Results

Theorem 6.1. Let V be a normed vector space. A linear functional F : V →
R is a continuous if and only if there exists a constant C > 0 such that

|F (x) | ≤ C∥x∥

for all x ∈ V.

Theorem 6.2. For every bounded linear functional F on a Hilbert Space H ,
there is a uniquely determined element f ∈ H such that F (x) = ⟨x, f⟩ for all
x ∈ H .

Lemma 6.3. Let B and D be Banach spaces and T : B → D be a continuous
linear mapping. Suppose that there is a C > 0 such that T satisfies

C∥x∥ ≤ ∥T (x)∥

for all x ∈ B. Then, the range of T , R(T ), is a closed set.

Theorem 6.4. Let U be a closed subspace of a Hilbert Space H . Then, for
every x ∈ H , we have x = y + z where y ∈ U and z ∈ U ⊥.

6.2 Fredholm Alternative Prerequisite Results

Lemma 6.5. Let V be a normed vector space and U a proper closed subspace
of V. Then, for any θ < 1, there exists an element xθ ∈ V satisfying ∥xθ∥ = 1
and dist(xθ,U ) ≥ θ.
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7 Appendix C - Young Functions

Young Function Properties Sources

Ψ(t) Ψ(t) = t2 log(e− 1 + t)q [3], [13]

Ψ−1(t) ≈ t
1
2 log(e− 1 + t)−

q
2

Ψ̄(t) ≈ t2log(e− 1 + t)−
q
2

Ψ̄−1(t) ≈ t
1
2 log(e− 1 + t)

q
2

Φ(t) Φ(t) = t2 log(e− 1 + t)γ [3], [13]

Φ−1(t) ≈ t
1
2 log(e− 1 + t)−

γ
2

Φ̄(t) ≈ t2log(e− 1 + t)−
γ
2

Φ̄−1(t) ≈ t
1
2 log(e− 1 + t)

γ
2

ΨF (t) ΨF (t) = et
2
γ − 1 [3]

Ψ−1
F (t) ≈ log(e− 1 + t)

γ
2

ΨH(t) ΨH(t) = et
1
γ − 1 [3]

Ψ−1
H (t) ≈ log(1 + t)γ

E(t) E(t) = t log(e− 1 + t)γ [3]
E−1(t) ≈ t log(e− 1 + t)−γ

Ē(t) ≈ et
1
γ − 1

B(t) B(t) = t log(e− 1 + t)q [3]
B−1(t) ≈ t log(e− 1 + t)−q

φ(t) φ(t) = et
2

q−γ
[3]

φ−1(t) ≈ log(e− 1 + t)
q−γ
2

Table 1: Section 4.2.2 Young Functions

Remark 7.1. In Table 1, q > 0 and 0 < γ ≤ q
2
.

Definition 7.2. Given two non-decreasing functions a and b, we say b is larger
than a and write a(t) ≲ b(t), if there exists t0 ≥ 0 and c > 0 such that for all
t ≥ t0, then a(t) ≤ cb(t). If a(t) ≲ b(t) and b(t) ≲ a(t), we write a(t) ≈ b(t).

Definition 7.3. Given two non-decreasing functions a and b, we say b domi-
nates a and write a(t) ⪯ b(t), if there exists t0 ≥ 0 and c > 0 such that for all
t ≥ t0, a(t) ≤ b(ct). If a(t) ⪯ b(t) and b(t) ⪯ a(t), we write a(t) ∼ b(t).
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Lemma 7.4. Let f be a measurable function. Then, ∥f∥LΦ(Ω;w) ≤ 2q∥f∥LΨ(Ω;w)

for q > 0.

Proof. Since e+ t ≤ (e− 1 + t)2 for all t ≥ 0 and 0 < γ ≤ q
2
, we have that

Φ(t) = t2(log(e− 1 + t))γ

≤ t2(log(e+ t))γ

≤ t2(log(e+ t))q

≤ t2(log((e− 1 + t)2))q

= 2qt2(log(e− 1 + t))q

= 2qΨ(t).

Since 2q ≥ 1 for all q > 0, Proposition 2.23 concludes the proof.

Lemma 7.5. Let Ψ−1(t),Ψ−1
F (t) and Ψ̄−1(t) be defined as in Table 1. Then,

Ψ−1(t)Ψ−1
F (t) ≤ Ψ̄−1(ct) (7.1)

for all t ≥ 0 where c =
2q

log(e− 1)q
and q > 0.

Proof. Notice,

log(e− 1 + t)
γ
2 ≤ log(e+ t)

γ
2 ≤ log(e+ t)

q
2 ≤ 2

q
2 log(e− 1 + t)

q
2 .

Consequently,

log(e− 1 + t)
γ
2

log(e− 1 + t)
q
2 log(e− 1 + ct)

q
2

≤ 2
q
2

log(e− 1 + t)
q
2

log(e− 1 + t)
q
2 log(e− 1 + ct)

q
2

=
2q

log(e− 1 + ct)
q
2

.

We want to find c > 0 such that

2q

log(e− 1 + ct)
q
2

≤ c
1
2 .

Equivalently,

2q ≤ c
1
2 log(e− 1 + ct)

q
2 . (7.2)

Since log(e − 1 + ct)
q
2 is increasing as c increases, it suffices to choose c > 0

that satisfies (7.2) at the minimum value. That is, t = 0. This restricts our
choice of c to satisfy
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c ≥ 2q

log(e− 1)q
.

Choosing c =
2q

log(e− 1)q
establishes (7.1) for all t ≥ 0.

Lemma 7.6. Let B−1(t) and E−1(t) be defined as in Table 1. Then,

t
1
2 (B−1(t))

1
2 ≤ E−1(ct) (7.3)

holds for all t ≥ 1, where c = 1 and q > 0.

Proof. We want to find a c > 0 such that

log(e− 1 + ct)γ

log(e− 1 + t)
q
2

≤ c.

Since 0 < γ
2
≤ q, setting c = 1 ensures

log(e− 1 + t)γ

log(e− 1 + t)
q
2

≤ 1

for all t ≥ 1.
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for the Homogeneous Neumann Problem for the p-Laplacian. https://

cbu.scholaris.ca/items/c5fd7c18-444e-4402-83e4-45cc47f6d8e7,
2016.

[6] Eugene B Fabes, Carlos E Kenig, and Raul P Serapioni. The Local Reg-
ularity of Solutions of Degenerate Elliptic Equations. Communications in
Statistics-Theory and Methods, 7(1):77–116, 1982.

[7] Dario D. Monticelli and Scott Rodney. An Improved Compact Embed-
ding Theorem for Degenerate Sobolev Spaces. Matematiche (Catania),
75(1):259–275, 2020.

[8] David Gilbarg, Neil S Trudinger, David Gilbarg, and NS Trudinger. Ellip-
tic Partial Differential Equations of Second Order, volume 224. Springer,
1977.

[9] Scott Rodney. A Degenerate Sobolev Inequality for a Large Open Set
in a Homogenerous Space. Transactions of the American Mathematical
Society, 362(2):673–685, 2010.

[10] Scott Rodney. Existence of Weak Solutions to Subelliptic Partial Dif-
ferential Equations in Divergence form and the Necessity of the Sobolev

61

https://cbu.scholaris.ca/items/c5fd7c18-444e-4402-83e4-45cc47f6d8e7
https://cbu.scholaris.ca/items/c5fd7c18-444e-4402-83e4-45cc47f6d8e7
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