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Abstract

In this thesis, we investigate the existence of weak solutions to the degenerate,
linear, elliptic second-order partial differential equation

1.
{—EDlv(QVU)+HTu+Fu = f, xe; (0.1)

u = 0, =z €

on an open, connected, bounded set {2 C R™. In this equation, ) is a non-
negative definite, n X n symmetric matrix that may be singular at a finite
number of points and w € L},.(Q2) is a non-negative weight. T is a vector of
first order vector fields, f € L*(Q), and H, F are coefficient functions that are
members of the function space determined by the dual of the gain factor in each
of the following types of Sobolev inequality, which hold for all ¢ € Lipy(£2)
and that we use as hypotheses:

(/Q |%0|2wdx)é <C (/Q |\/§V§0|2dx)é 02)

16l < C ( / M@dew)Z (0.3)

where C' > 0 and U(¢) = t*log(e — 1 + t)¢ for some ¢ > 0. Specifically,
the roughness of the geometry associated to the vector fields defined by @
restricts H and F' to be bounded when we assume (0.2), and H and F' can
be exponentially integrable if we instead assume that (0.3) holds. Indeed, in
the former case, H, F' € L>(Q2;w) and in the latter case, H € LY#(Q;w) and

F € LY (Q;w) where Uy(t) = ¢! —Land Up(t) =e'” —1for 0 <y < 4

or
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Notation

Symbol Description
R” n—dimensional Euclidean space
Q An open, connected, bounded subset of R"
0N} The boundary of the set €2
S, The collection of all n X n symmetric, non-negative definite matrices
. [ 1w
1 Wi [ivavirds
112w () inf{)\>02/\11(%) wdxgl}
Q
supp(f) | The support of a function f; the closure of the set where f is non-zero
Lipy(€2) The collection of Lipshitz functions with compact support in
QH(Q;w) The degenerate Sobolev Space
1 if E
Ig g = 1 ve
0 ifz¢FE
N 3
If]| If] = <Z|fi|2> for N > 1
i=1




1 Introduction

In the study of partial differential equations, the existence of well-posed clas-
sical solutions is often very difficult to prove in practice. Indeed, with the
incorporation of data functions having discontinuities or singularities, classical
solutions may not exist. However, there may exist a weaker class of solutions if
continuity or differentiability is not initially imposed. Indeed, the existence of
weak solutions can be studied using techniques in functional analysis that rely
on a priori estimates that depend only on the norms of given data functions
in place of their smoothness properties.

In this thesis, we study a second-order, linear partial differential equation on
an open, connected, bounded set ) C R™ with degenerate principal part. The
most general form of these equations is written as follows, where dependence
on x € ) is suppressed:

1
——Div(QVu) + HRu+ S'Gu+ Fu = f+ T'g.
w

The coefficient on the principal part @) : Q — S, is a matrix-valued function
whose entries are Lebesgue measurable scalar functions that are finite almost
everywhere. The non-negative weight w € L; () is a measurable function
defined on 2 such that 0 < w(x) < oo and

Q@) |op < cw(x) (1.1)

for some constant ¢ > 0 and for almost every x € 2. Note,

|Q(2)lop = sup{|Q(x)¢] : € € R", [¢] = 1}

For some N € N, R is an N-tuple of first order vector fields, S’, T’ are adjoints
of first order vector fields, f, F' € L*(;w), and G,H, g € L*(Q;w); see [1] for
explicit details.

As the general existence theory for partial differential equations of this form
is currently in development, this thesis considers an edited problem. Specifi-
cally,

1
{—EDW(QVU)—FHTU-FFU — f ozeq 12)

u = 0, =z €



where f € L*(Q), T is a vector of first order vector fields, and membership
of the functions H and F' is dependent on the type of Sobolev inequality that
is available. Hereafter, () : Q2 — §,, is a matrix-valued function and may
have determinant that vanishes at a finite number of points. This behavior is
referred to as degeneracy. The matrix () is diagonalizable and so,

Q(z) = U'(2)D(x)U(x)
almost everywhere in {2 where U is a unitary matrix-valued function on {2 and
D(x) = diag(h(2), . M(x))

is a diagonal matrix. Since () is measurable, U and the eigenvalues \; can
be chosen to be measurable and we note 0 < X\;(x) < oo for all ¢ and for
almost every = € €; see [2]. Therefore, we may define \/Q = U T\/DU where
VD = diag(v/\, ..., vV An). Since w satisfies (1.1), |Q()]op € L},.(Q) and con-
sequently, the entries of @ are in L, .(Q2). The primary objective of this thesis
is to prove the existence of weak solutions to (1.2) in the degenerate Sobolev
space QH}(Q; w). In particular, we prove the following two theorems:

Theorem 1.1. Let Q) be a non-negative definite symmetric matriz-valued func-
tion in Q C R™ with the non-negative weight w € L () that satisfies (1.1).
Suppose there exists a constant C' > 0 such that

lell 20y < CIIVAVE| L2()

for all p € Lipy(Q). Then, given f € L*(2), there is a unique weak solution
(u, Vu) € QH} (2;w) of the Dirichlet problem

1
{—EDW(QVU)—FHTU-FFU — f ozeq 13)

u = 0, x€d,

whenever H, F' € L>®(Q;w) and T is a vector of first order vector fields satis-
fying (4.2).

Theorem 1.2. Let () be a non-negative definite symmetric matriz-valued func-
tion in Q@ C R™ with the non-negative weight w € L}, () that satisfies (1.1).
Suppose there exists a constant C' > 0 such that

lellzy @uw) < ClIVRVlL2 @)



for all p € Lipo(Q) where U(t) = t?log(e — 1 + )7 for ¢ > 0. Then, given f €
L*(Q), there is a unique weak solution (u,Vu) € QHy(Q;w) of the Dirichlet
problem

|
{—EDZ‘U(QVU)—l—HTu—i—Fu — f ozeq 14)

u = 0, x€d;

whenever H € LY#(Qyw), F € LY*(Q;w) where Uy(t) = 7 — 1, Up(t) =

1

e’ —1 for 0 <~y < 4 and T is a vector of first order vector fields satisfying
(4.2).

The thesis is organized as follows. In Chapter 2, we provide preliminary
results about LP(£2;w) spaces, Orlicz spaces, and the degenerate Sobolev space
QHJ(Q;w). In Chapter 3, we prove the Lax-Milgram Theorem and the Fred-
holm Alternative as they are fundamental to our main results. Finally, in
Chapter 4, we prove Theorem 1.1 and Theorem 1.2. Supplementary material
is provided in the Appendices.



2 Preliminaries

2.1 LP(Q;w) Spaces

Definition 2.1. Let (X, A, i) be a measure space and suppose that 1 < p < oco.
The space LP(X, A, ) is defined to be the collection of equivalence classes of
p-measurable functions f: X — R for which

A = ( / !f(l‘)\pdu)p .

Functions f,g € LP(X, A, p) are equivalent if and only if || f — gl o (x, 4,.) = 0.

Definition 2.2. Let (X, A, 1) be a measure space. The essential supremum of
a given p-measurable function f: X — R is defined as

ess;upf =infla e R:p({z e X :|f(z)| > a}) =0}.

The space L™= (X, A, 1) is the collection of equivalence classes of p-measurable
functions f for which

I fllLeecx, A, ) = ess)?up |f| < 0.

Functions f,g € L>*(X, A, p) are equivalent if and only if || f —gl| o (x, 4, ») = 0.

In this study, X is the open, connected, bounded domain 2 C R"™. The
measure u is either the Lebesgue measure dz or the weighted Lebesgue mea-
sure w dz on the Lebesgue measurable subsets M of 2. To avoid confusion in
the development hereafter, we write || f|| o, m,w) = || f || Lr (). An important
estimate that we call upon frequently is Holder’s inequality. This is very well-
documented in the literature, however, we provide the proof in Theorem 2.5
for the benefit of the reader. To prove Theorem 2.5, we first need to establish
Young’s inequality as detailed in Proposition 2.3. Note, after the establish-
ment of Theorem 2.6, we conclude this section by proving three immediate
consequences of Holder’s inequality.

Proposition 2.3. Let 1 < p < g < oo such that 1% + % = 1. Then, for any a,
b >0,
p bq
ab<Z+ (2.1)
p q

8



Proof. Let 1 < p < q < oo such that %4—%:1. Note, if a = 0 or b = 0 then
there is nothing to prove. Let a,b > 0 and consider the equivalent form of
(2.1):

ab  aP 1

bt pbt T q
To prove this inequality, it suffices to show
b P 1
Sup{a——a—:a>(),b>0}:—. (2.2)
b1 pbi q

Performing elementary algebra gives

ab a” a1 (d"\  [a” %_1 aP
b pbt bl p\be ) \ e p \ b2
P
since %—1—% = 1. Setting £ = % > 0, we consider f(§) = 5%—%5 on (0, 00). Since

lim f(¢) =0 and élim f(§) = —oo, the supremum of f() is either 0 or occurs
—00

£—0t

at a critical point. Now, f'(¢) = % <§*% — 1) as % - 1= —% where f'(§) =0

1
occurs at £ = 1. Notice, f(1) =1—2 =1 >0and f"(¢) = ——f_%_l < 0 so
p q g

¢ =1 is an absolute maximum, proving (2.2).
O

Corollary 2.4. Let 1 < p < q < oo such that % + % = 1. Then, for a,b > 0
and & > 0,
ca? e rbl

ab < — +
p q

< eal + e rbe. (2.3)

b
Proof. Let € > 0 and write ab = era — . Then, by Proposition 2.3
cp

P —rpa
ab= (5%61) <€7%b> < - i <ed® + e Pbl
p q




Theorem 2.5. Let f, g: Q@ > R and let 1 < p < 00,1 < g < o0 such that
14 % =1.If fe L’ (Qw) and g € L1 (Q;w), then fg € L' (Q;w) with

p

| / F(@)g(@) wde| < £ v 9] o) (2.4)

Proof. Let 1 < p < 00,1 < g < oo such that %—k%: 1. Let f € LP(Q;w)
and g € L9(Q;w). Notice, if f or g equal 0 for almost every = € ), then there
is nothing to prove. So, we proceed assuming f, g # 0 almost everywhere in §2.
Suppose p = oo and ¢ = 1. By definition 2.2, | f(x)| < || f||zee(0u) for almost
every x € () and so

@@l e < [ 1fllimion 96 wds = |1~ 0 gl

Suppose now that p < oo and consider the instance when

| fllzrwy = l9]| o) = 1.

For each x € Q, set a = |f(x)| and b = |g(z)|. Since a,b > 0, Proposition 2.3
gives,

p q
Integrating both sides we find,

‘/Qf(x) wdx‘</|fx )| wdz
g/glf;c wdm+/|g(fc)q

= o0 + Hglqu ()
=1
Consider / a(z)p(x) wdx‘ where a(x) = Lx), Blx) = ﬂ
0 11| o (20) g/l 2o
Then, ||| zr@u) = [|B]|Le(;w) = 1 and our previous estimate ensures

’/ f) 9@ ol <1
S @y llgllze@sm)

Equivalently,

10



[ f@g(w)wda]< 1l
Q
O
Note, this result can be generalized to functions fi, fs,..., f, in spaces
LP(Q;w), LP2(Q; w), ..., LP»(Q; w) respectively as described in the following

theorem.

1 1
Theorem 2.6. Let f; € L (Q;w) fori=1,...m and — +...+— = 1. Then,
P Dn

‘/Qﬁfl(x) wdx‘ﬁ f[ 1 fill £oi (@s)- (2.5)

Proof. For the base case, set n = 2. This result was proved in Theorem 2.5
and so, we proceed with the induction hypothesis. Suppose that

‘/Q H fi(x) wdx‘g H | fill L7 (250
=1 i=1

n

1
holds for n measurable functions where n > 2 whenever Z — = 1. Take
— Di
=1
n+1
n + 1 functions such that Z — =1 and consider
— Di
i=1

- | [ TL e wr

n+1

< HH fi
=2
p1-1
n+1 - P1
= (/ 1T |fz‘(l’)|”11WdI> 1 f1llzer (@)
Q=9

n+1

‘/ngi(m)wdx

L%(Q;w)HﬁHLPI(Q;w)

n+1 1
Since Z — =1 then,
i=1
n+1

i Pi 28

11



P1
pP1 —

Setting o = ] and defining ~; = Pifor i = 2,...,n+ 1 then,
a

n+1 n+1

1
Z—;Z,%—l-
1=2 =2

Employing the induction hypothesis, we can further estimate using our previ-
ous work. Specifically,

n+1 n+1

( |11 Ifz-(:c)!awdx> < T o
Q-9 i=2
n+1

= IIWLEH%WG}wy
1=2

Therefore,
n+1 n+1 )
/ [T ) wie] < [T (03 0)* Wl
n+1

= H HfiHLpi(Q;w)‘
=1

By the principle of mathematical induction, (2.5) holds for every n € N.
O]

Lemma 2.7. Suppose w(f)) < oo and 1 < p < 00,1 < ¢ < oo where p < q
and f € LU(Q;w). Then,

_1 _1
w(€) "7 || fllze (@) < w(E) 7] fllo(@uw)-

Proof. If p = g, then there is nothing to prove. If 1 < p < ¢ and ¢ = oo, then
for almost every x € §,

1 = / )P 1wdz < |1 / W = || ().

Taking the pth root of both side gives

_1
w(€) 7 [ fllr@wy < [1fllze @)

Suppose now 1 < p < oo and 1 < ¢ < oo such that p < q. Setp’:g, qg =-L
then 1% + i = 1 and so, by Theorem 2.5

12



112 ) = / @) - Lwds < ( / |f(x)|”'5wdx)q ( / |1|qﬂpwdx) q

Since (/ 1|7 wdx) - w(€)"7", taking the pth root of both sides gives
0

1 1lzr @) < Ifl|za@uyw(€2) 7
= [l oy w(€2) 7.
O]
1
Lemma 2.8. Let f € L"(Qw), 1 < p<qg<oo,q<r <oo and — =
q
A 1—=A
—+ for A € (0,1). Then,
P r
£l 2oy < I IZe @iy 11 (o)
1 A 1T=A
Proof. Let A € (0,1) and set — = — + where 1 < p < ¢ < oo and
q p r

g <r <oo. Ifr=o0,then p=>Ag and so

oy = [ @)
= [ 18I ) s
< [P, wis

= A1 gy |l e i
Taking the gth root of both sides gives

11l zs@swy < W12 1 1 i,

A 1—A
Suppose now r < oo and notice a“ + q(—) = 1. Then, Theorem 2.5 gives
P r
A A)
1 Wy < 12 IIfq1 [ 9 (@)

q(1—2X)

([ )" ( [ 1 )
Q Q

-(/ |f<a:>|f’wdx)qu (f If(-r)lrwdrc)w

13



Taking the gth root of both sides, it follows that

1l zosy < 1120 I -

(]
Lemma 2.9. Let f € L'(Qw), 1 < p < q < o00,q <r < oo such that
1 X 1-=A
—=—+—— with A € (0,1). Then,
q p r

| fllza@a) < ellfllor@uw) + 71 f e

for any € > 0, anduz(%—i)/(%—%).

Proof. Combining inequalities from Lemma 2.8 and Corollary 2.4, we find

11l oy < HfHLP(Qw)Hf”LT O5)

1-X)s
< 5||f||(Lr(Qw) +e

1 1 1 1
Wlthls =1 1 andlt _)\X >1 ljs A € (0,1). Note, E+Z = 1 where
t —
- =—-(1=X\). Setting — = — + , we find
5 A q P r

Therefore,

I fllzauw) < ellfller @) + eI f ll zr@suw)-

2.2 Orlicz Spaces

Orlicz function spaces are a generalization of Lebesgue spaces. As opposed to
Lebesgue spaces which are associated to a parameter p € [1, 00), Orlicz spaces
are defined in terms of Young functions. In order to provide a comprehensive
characterization of Young functions, we begin by defining their density. Let

14



a: [0,00) — [0,00) be a right continuous, non-decreasing function such that
a(0) = 0,a(t) > 0 for t € (0,00), and a(t) — oo as t — oo. Given a density
function a(t), we set

Such A(t) are called Young functions and satisfy the following definition; see
[3]-

Definition 2.10. If A(t) is a Young function, then
i) A(t) is convez, continuous, and strictly increasing.

i) A(O):O,@—)oo as t — oo.

iii) Fort >0, A'(t) = a(t) at every point of continuity of a (except on an at
most countable set).

Definition 2.11. Let (X, A, pu) be a measure space and let W be a Young
function. The Orlicz class LY (X, A, i) is collection of equivalence classes of
pu-measurable function f: X — R for which the Luzembourg norm

1 llex, a0 = inf{A >0 /X (!f|> dp < 1} (2.6)

Functions f,g € LY (X, A, p) are equivalent if and only if || f—g|| v (x, 4, ) = 0.

Note, the Orlicz class LY (X, A, i) is a complete space; see [3]. To jus-
tify Orlicz spaces are a generalization of Lebesgue spaces, we demonstrate
I fllevx, a0 = Ifllze(x, 4, when W(t) = 7 for p > 1. Indeed, for f €

LY(X, A, ),
>\>O/ (@)dug}

—

HfHL‘I’ (X, A, ) = inf

mf{)\ >0: <1

1nf{)\>0 / |Pd,u<)\”}

1nf ( |pdu>p < )\}
= ||f||LpXAu

15



The Orlicz spaces of focus in this work are characterized by Young functions
of the form

U(t) = t?log(e — 1 + )7, (2.7)

where ¢ > 0. This type of Young function is referred to as a ‘log-bump’
function as it provides a scale of Orlicz classes that lie between Lebesgue spaces.
Analogous to the previous section, Holders inequality on this scale provides
an important estimate in our later work. Indeed, the generalization of this
inequality is required to establish the interpolation inequality seen in Lemma
2.22. To prove Holders inequality on this scale, we first provide the reader
with fundamental definitions followed by, without proof, Youngs’s inequality
and Fatou’s Lemma. Note, these proofs can be found in [3] and [4]. We then
include the proof of an auxiliary lemma before proving Hoélders inequality in
Theorem 2.18.

Definition 2.12. Given a non-decreasing function a, we define its generalized
right inverse to be the function

a(t) =sup{s:a(s) <t} (2.8)
for allt > 0.
Definition 2.13. Given a Young function A(t), if we define

f_l(t):/o a(s)ds, (2.9)

then A(t) is the complementary Young Function function of A(t); see [3].
Ezample 2.14. Let A(t) =P for 1 < p < oo then a(t) = pt?~'. So,

olt) = supfs: p ' <0y = (1) o

p
Then,

_ 1 t £t
At) = — / 57T ds = Cp -
pr—1 Jo q

Theorem 2.15. Let A(t) and A(t) be a complementary pair of Young func-
tions. Then for all s,t > 0,

st < A(s) + A(t). (2.10)

16



Lemma 2.16. If {f,} is a sequence of non-negative measurable functions and
fulz) = f(x) almost everywhere on a measurable set © then

n—oQ

/f(x) wdmﬁliminf/ fo(2) wdz.
o S

Lemma 2.17. Suppose A is a Young function. Then, ||f|lraquw) < 1 if and
only if

/QA(\f(x)\)wdx <1

Proof. The following argument was adapted from [3]. Suppose || f||L4(qu) < 1.

Then, given any A > 1,
/ A (_|f($)|) wdr < 1.
Q A

Define a decreasing sequence \;, > Agyq > ... > 1 such that klim A, = 1. Fix
— 00
x € Q. Then, by the continuity of A,

i 4 (M) — (i 10) —

k—o0 k—o0 k

By Lemma 2.16, we have that

[ ats@pwds= [ gim () was
gliggf/QA( )(\f”)wdx

<1

since / A <|f>(\x)|) wdx < 1 for each k.
Q

k

Suppose now that

/QA(\f(m)\)wdx <1

Then, 1 € {)\ >0: / A (&;”) wdx < 1} and so, || fl L) < 1.
Q

17



Theorem 2.18. Let A and A be complementary Young functions. Let f,g be
such that f € LA(Q;w) and g € LA(Q;w). Then,

L@umwunwwsmummmwmmmm. (2.11)

Proof. The following proof was adpated from [3]. Let A and A be Young
functions and let f, g be such that f € L4(Q;w) and g € L*(Q;w). Notice, if
f or g equal 0 almost everywhere in €2, then there is nothing to prove. So, we
proceed under the assumption || f[|au): 19l L4y > 0. Let [[fllrauw) =
19/l 24wy = 1. Then, Lemma 2.17 gives

AAWWmeéh
AAmummmsx

By Theorem 2.15, we find

AvwmmesAAwmmwm+LAmmmwmgz

For measurable functions v and (3, consider / |a(z)B(x)| wdx where
Q

Ha”LA(Q;w) = ||5||LA(Q;w) =L
Setting «a(z) = S and f(z) = ﬂ, our previous estimate
||f||LA(Q;w) ”g”L‘Z‘(Q;w)

ensures

Léuwmunwmsmummmmwmmm-

O
This result can be generalized to encompass m measurable Young functions
on an arbitrary measure space (X, A, 1) as detailed in Appendix A Theorem
5.1. Notice the increased complexity and additional intermediary estimates
used to prove Theorem 5.1 as compared to Theorem 2.6. Indeed, this continues
throughout our work as evident when comparing the analyses in subsection
4.2.1 to 4.2.2. As a consequence, we require the interpolation inequality seen in
Lemma 2.22 and Propositions 2.23, 2.24. The proof of Lemma 2.22 depends on
the following proposition, known as the rescaling property of the Luxembourg
norm, and lemma.

18



Proposition 2.19. Given 1 < p < oo and Young functions I'; U such that
1
['(t) = W(tr). Then,

AP Nl zr iy = 110 (- (2.12)

Proof. Let 1 < p < oo and X > 0 be given. Set Ap = w. Then, for T'(t) = \If(t%),

1P o = nt{3> 0+ [ 0 (L) v < 1)
:inf{)\>0:/ﬂllf(‘]:§—§)‘) wd:c§1}
:mf{up >0 /Q\If (@) wdz < 1}

= Hng‘I’(Q;w)'

]

Lemma 2.20. Let ¥y, ¥y, & be Young functions and oy, ag positive real num-
bers for which

i) ©1(t) = \Ifl(tail) and Oy(t) = \Ifg(té) are Young functions, and
i) (UyH()™ (Uy (1) < @7 (ct)

for some ¢ > 0 and for all t > 0. Then, there exists a constant C' > 0 so that
for all f € LY (s w), g € LY2(Q;w),

171 1g17 ger < O 1915

Proof. Suppose f, g are measurable functions on 2. Since ©,(t) = \Ill(ti) and

Oy(t) = \112(250712) are Young functions with inverses

O (1) = (T (1)
05 (1) = (T3 (1)*,

hypothesis (ii) ensures that Oy, ©y,  satisfy
o7 (1)051(t) < (ct)

19



for some ¢ > 0. Therefore, by Theorem 5.1 with A\; = Ay = 1 and Proposition
2.19,

1£1°191 Lo @y < CIA™ o 1191 Lo g
= OIS, 191

where C' is a constant that depends only on ¥, U5, and ®.
]

Remark 2.21. Although A(t) = t is not a Young function, the following
lemma still holds since it generates the Banach space L*(;w) with respect to
the Luxembourg norm.

Lemma 2.22. Let A € (0,1) and suppose that W, ® are Young functions for
which

A ETHE)N < @7 (et)
for allt > 0. Then, given € > 0, there is a constant C = C(e, ¥, ®, \) so that
[f 122 @) < CllfllLr @) + el Fll v @)
for any f € LY (;w) N LY (Q;w).
Proof. Since t7* and U(tx) are Young functions, Theorem 2.20 gives

1f Lo @) = N o000
< CHfHLl Q) 11179 ()

1 1
By Corollary 2.4 with exponents p = X and ¢ = T we find for any € > 0,

”fHL@(Q;w) < OHfHLl(Q;w) + 5HfHL‘I’(Q;w)-

O
Proposition 2.23. Given two Young functions A, B, and a constant ¢ > 1
such that
B(t) < cA(t)
then

115 @) < cllfllza@iw)- (2.13)
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Proof. Define the sets

E:{A>O:/QB(’—§|> wdzr < 1};

F:{u>0:/QA(%) wdr < 1}.

A (|—f/|> wdx < 1. Since B(t) < cA(t) for some constant
I

1
—/B(w) wdr < 1.
cJa H

By the convexity of B,

/B(ﬂ) wdxgl/B(l—‘ﬂ> wdr < 1.
Q CH cJo H

That is, cu’ € E. Therefore, cF" C E and so

Let ' € F. Then, /
Q
¢ > 1, then

”fHLB(Q;w) = inf(F) <inf(cF) = cinf(F) = CHf”LA(Q;w).
]

Proposition 2.24. Given any Young function ¥V and for any S C Q with
w(S) > 0, the norm of the indicator function lg is

_ _1\—1
115l Lo (@) = ¥ (w(S)™1) .

Proof. SetA:{)\>0:/

S

s (D)= [o()uizr

Since W is strictly increasing and thus invertible, we find

U <§> wdzr < 1}. Notice, for A € A

U (w($) )T <A (2.14)
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for all A € A. Set = U~ (w(S)™*)"" and consider

/S\P(\Il—l(w(ls> ) /S\P S)7) wde
/ w(S) wdz

w(S)

(5)

n

I
I

Therefore € A and by (2.14), we conclude

-1

sl v @) = O (w(S)7Y)

2.3 Sobolev Spaces

The solution space to the partial differential equation we consider in this thesis
is the degenerate Sobolev space QH; (€; w). To understand the structure of this
Sobolev space, it suffices to show what conditions must be satisfied to be a
weak solution of the Dirichlet problem (4.1) (see definition 4.2) without the
incorporation of lower-order terms. That is,

1.
—EDIV (QVu) = f, xz€ (2.15)
u = 0, x€dN

where dependence on x is suppressed. Recall that the matrix-valued function
Q satisfies (1.1) and consequently, |Q(x)|op € L},.(Q). If u is a weak solution
of (2.15), then

/VUTQVUdmz/fvwdx (2.16)
Q Q

holds for all “test functions” v where membership of v will be described mo-
mentarily. For (2.16) to hold, we require u and v to be functions that equal
zero on the boundary and each integral in (2.16) to be finite. The minimum
requirement to impose finiteness is
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VOVu,/QVv € L*(Q); v, f € L*(;w).

Therefore, we need a collection of functions such that

/]v[dex+/]\/@Vv]2dx<oo
0 0

for every v. The simplest functions to satisfy these conditions are Lipschitz
functions with compact support in Q. Indeed, since |Q(z)|op € Lj,.(Q) and

loc
Lipschitz functions are differentiable almost everywhere, Vv € L>(E) where

E = supp(Vv). Therefore,

/Q VOV = /E VAV dr < Vo]0 / 1Qlop dz < 0.

More, Lipschitz functions are continuous and so, v is bounded on its support
S giving

/ lv]? wdx = / v wdz < ||v?]| Lo @ w () < o0.
0 S

Therefore, we complete the collection Lipy(€2) with respect to the norm
lellomi@mw) = lell2@uw) + Vel (2.17)

where |Vl 2200 = [[V@V@|lL2q). This collection is a set of equivalence
classes of Cauchy sequences with the equivalence relation “~” defined by

Note, given a Cauchy sequence { f,,} of Lipy(£2) functions, we denote its equiv-
alence class by [{f.}]. By the definition of the QHj(2;w) norm, both the
sequences { f,} and {V f,} are Cauchy in L*(Q;w) and £*(Q; Q) respectively.
Since L?(2; w) and £2(Q; ) are complete spaces, (see [5]) there exist functions
u € L*(Q;w) and g € £2(Q; Q) so that

| fro — |l L2(0w) — 0 @s 0 — 00
and
van - gHy(Q;Q) — 0 as n — oo.

Additionally, given any other sequence {h,} € [{f.}], we can write
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||hn - u||L2(Q;w) < ||fn - UHLQ(Q;w) + ||f’n - hn||L2(Q;w)

and

[Vh, —gllz2) < IV =8z + IV fa = Vil 2200

That is, the functions u and g are unique elements to the whole equivalence
class [{f.}] in the space L*(Q;w) x L*(Q; ) equipped with the norm

[ (u, @)l 22wy c2@) = lull 2wy + I8l 22

By the linearity and uniqueness of limits,

[e{fn}] = cl{fn}];
{3+ [hnd] = [} + {ha}]

for any constant c. Consequently, we can define an injective, linear mapping
T QHY (s w) — L*(Q;w) x L2(Q; ) by setting

J({fn}]) = (u, 8).

Since HUHLQ(Q;w) = nh—golo anHLQ(Q;w) and HgHEQ(Q;Q) = nh_g)lo Hv‘anEQ(ng) by the
reverse triangle inequality, the mapping J defines an isometric isomorphism
from QH}(Q;w) to the closed subspace J(QH}(Q;w)). Since these spaces
have the same algebraic structure, we do not make a distinction between them.
Indeed, QH}(Q;w) has two equivalent perspectives. Specifically, QH}(Q2;w)
is a collection of equivalence classes of Cauchy sequences of Lipy(€2) functions
and it is a collection of pairs (u,g) € J(QHj(Q;w)). One of the important
properties of QHg (Q; w) is that it is a Hilbert space since the QHg (2; w) norm
is equivalent to the norm generated by inner product defined by

(. 9ot @) = /Q fgwds + /Q Vg QV f d. (2.18)

Indeed, there exists constants ¢; = %, cs = 1 such that
Cl”f”é}]&(g;w) S <f7 f>QH3(Q;w) S C2||f||2QH&(Q;w)

for all f € QH}(Q;w). Additionally, Lemma 5.2 seen in Appendix A shows
the QH}(Q; w) norm is equivalent to the £2(Q; ) norm under the assumption
of Sobolev inequality (2.19).

24



In the literature, terminology is often abused by referring to elements in
QH}(Q; w) as functions rather then pairs. Indeed, when we write f € QH}(Q; w),
we mean the pair (f,h) where f € L*(Q;w) and h € L*(Q;€) satisfying
J({fn}]) = (f,h) for some [{f,}] € QH(Q;w). We will denote h as Vf
however, we stress that it may not be the case that h is the weak derivative of
f and may not even be uniquely determine by f. For instance, the authors in
[6] construct an example where f = 0 almost everywhere, but Vf = 1 almost
everywhere.

In this thesis, we will make two assumptions in relation to the function
spaces LP(Q;w), LY (€; w) and the degenerate Sobolev space Q H{ (€; w). First,
we assume the projection mapping I : QH} (Q;w) — L*(Q; w) defined by

I((u, Vu)) = u
is a compact mapping. That is, the mapping II satisfies the following definition.

Definition 2.25. Let X and Y denote normed vector spaces. A mapping
T : X — Y is a compact operator is one of the following conditions is satisfied:

i) T maps bounded sets in X into relatively compact sets in Y.

it) T maps bounded sequences in X into sequences in Y which contain con-
vergent subsequences.

The proof that IT is a compact mapping relies on the assumption of a
local Poincaré inequality along with additional background material that is
beyond the scope of this study. However, the justification of this assumption
is supported by the work in [7] and Theorem 7.22 in [8]. Secondly, we assume
the existence of the following Sobolev inequalities in disjoint cases:

)1/ l2w) < CIVQV 2@y (2.19)
i0) F 1l 0y < CIVQV £l 20 (2.20)

for all f € Lipy(€2) where C' > 0. These inequalities are adaptations of the
Sobolev inequality

(/ P wd:c)% <c (/ !@Vfrzdx)z
Q Q
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studied extensively in [9], [10], where 0 > 1 represents the gain factor. An
interesting consequence of assuming the validity of a Sobolev inequality is
how the roughness of the coefficients is dependent on the dual of o. That
is, assuming (2.19) holds, the coefficient functions H and F' from (4.1) are
members of L*(Q;w) since ¢ = 1 and its dual ¢/ = co. Note, this is the
roughest geometry and consequently restricts the membership of H and F more
than when o > 1. If we assume (2.20) holds, then ¢ > 1 is not quantifiable but
we do see the gain factor log(e — 1 —2|— t)? and so, we may let H € LY1(Q;w)
1
and F € LY7(Q;w) where Uy = ¢! — 1 and Up = ¢! —1for 0 < 4 < 1,
each related to the dual of the log-gain forcing exponential integrability. Note,
since t? < ct?log(e — 1 +t)9 for all ¢t > 0 when ¢ = m, Proposition 2.23
gives
[f 122wy < el fllLe )

Therefore, if (2.20) holds, then ||f||z2@uw) < C’|]\/@Vf||Lz(Q). The Sobolev
inequalities (2.19) and (2.20) can be extended to hold for all functions in
QH}(Q;w) through the following density arguments.

Lemma 2.26. Suppose that the Sobolev inequality (2.19) holds for all f €
Lipg(2). Then, (2.19) holds for all u € QH(Q; w).

Proof. Let u € QH}(Q;w). Then, there is a representative sequence {f,} C
Lipo(€2) such that

| frn — |l 20wy — 0 as n — o0

and

H\/@an - \/@VUHLQ(Q) — 0 as n — oo.
Fix n € N. Then, by the triangle inequality and Sobolev inequality (2.19)

HUHLQ(Q;U}) S an - U’HLQ(Q;w) + ”anL2(Q;w)

< an - UHLQ(Q;w) + H\/@anHLQ(Q)-

Since ||[vQVu| 2@y = lim ||[v/QV fo|lr2(), sending n — oo gives
n—oo

lull 22y < CIVQVU L2 0)-
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Lemma 2.27. Suppose that the Sobolev inequality (2.20) holds for all f €
Lipy(2). Then, (2.20) holds for all u € QH(Q; w).

Proof. Let u € QH}(;w). Then, there is a sequence {f,} of Lipschitz func-
tions with compact support on {2 such that

| fr — |l L2(0w) — 0 @s n — 00
and
VOV fr. — VQVull12(0) — 0 as n — oo.
By Sobolev inequality (2.20), for n,m € N,
1o = Fnll vy < VARV fro = VAV finllz2@) < Ifo = funllQui uw)

and so, {f,,} is Cauchy in LY (€; w). Since LY (; w) and L*(; w) are complete,
as shown in [3], [5], and LY(;w) C L*(Q;w), it follows that

|fn — |l Lo @) — 0 as n — oo.

Therefore, by following the same argument in Lemma 2.27, we have that
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3 Functional Analysis

The degenerate Sobolev space QH{(2;w) is a Hilbert space. Consequently,
the existence of weak solutions can be studied using results from functional
analysis such as the Lax-Milgram Theorem and the Fredholm Alternative.
These theorems are well-documented in the literature; however, we provide
their proofs for completeness, as they are fundamental to our work in Chapter
4. The proofs in this chapter are adapted from Chapter 5 of [8] with additional
details included for clarity. All supporting lemmas and theorems referenced in
the main proofs are provided in Appendix B.

3.1 Banach and Hilbert Spaces

Definition 3.1. A Banach space & is a normed vector space that is complete
with respect to a norm || - || .

Definition 3.2. A Hilbert space S is a Banach space with the norm || - ||
provided with an inner product (-,-) : & — F compatible with its norm. That
is, for any element © € . ||x|» = (x,x)2.

Definition 3.3. Let V be a normed linear space. A functional F on V is a
mapping from V into R. A functional .% is linear if for all x,y € V a € R,
F(x+y) = F(x) + F(y)
F(ax) = aF ()
and is bounded if there exists a C' > 0 such that
.7 (2)| < Cl|z]]

for all x € V. The space of all bounded linear functionals is called the dual
space of V and is denoted V*.

Definition 3.4. Let V be a vector space over R. A bilinear form A on V is a
function of two vectors such that B :V xV — R satisfies linearity in the first
and second argument. Specifically, for u,v,z € V. A € R,

Bu+v,z)=B(u,z)+ B (v z2);
B (Au,v) = A\AB (u,v);

B (u,v+z) = B (u,v) + B (u,z);
B (u, \v) = A\B (u,v).
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3.2 The Lax-Milgram Theorem

Theorem 3.5. Let 77 be a Hilbert space and assume B : 7 x 7 — R is a
bilinear mapping satisfying

i) B is bounded on . That is, there is a ¢ > 0 such that for all x,y € H
then
[B(x,y)| < cll|ll|yl-

ii) B is coercive on . That is, there is a C > 0 such that for all x € H

we have
B(x,x) > Cllz|?

Then, given F € JF*, there is a unique v € H so that F(v) = B(x,u) for
al z € 2.

Proof. For each fixed y € 5, %(x,y) is a bounded linear functional on 7.
The Riesz-Representation Theorem, Theorem 6.2 in Appendix B, asserts the
existence of a unique element w € J# satisfying

B(r,y) = (z,w) (3.1)

for every x,y € . Define T'(y) = w whenever (3.1) holds. Since w is uniquely
determined for each y € 7, T is well-defined. So,

H(x,y) = (x, T(y)) (3.2)

holds for all z,y € . Let A\, Ay € R, xy, 29 € J then by (3.1), (3.2), and
linearity of %, for any © € 2,

(x, T(Mz1 + Aaa)) = Bz, M1 + Aaxa)
= B(x, \x1) + B(x, \ax2)
= M {z,T(21)) + Ao(z, T'(22))
= (z, MT(x1) + AT (22)).
2)

Therefore, T()\ll’l —+ )\21’2) ( ) + )\2 (
y = 0 then

and so, T is linear. Notice, if

1Tl < cllyll

for any ¢ > 0. If y # 0 then
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ITW)|I> =(T(y), T(y)) = B(T(y),y) < clITW)lyll

by hypothesis (7). Therefore, T is bounded. More, by hypothesis (i),

Cllyll> < B(y,y) = (, T(y)) < ITW)IyI

for each y € . Consequently, T is injective, has closed range by Lemma 6.3,
and T, whose existence will be asserted momentarily, is bounded . Let Z(T)
be the range of T' and suppose Z(T') # 7. Then, by the Projection Theorem,
Theorem 6.4 in Appendix B, there exists a non-zero element z € 5 such that
z € Z(T)". But, by hypothesis (i),

Cll=l* < B(2,2) = (2,T(2)) = 0

since T'(z) € Z(T), a contradiction. Therefore, T is surjective. Hence, T~1
exists and is linear and continuous by Theorem 6.1. Let .% € *. Then, by
Theorem 6.2, there exists a unique v € ¢ so that

F(x) = (x,v).

Set u = T~*(v) then B(z,u) = (z,v) = F(x). That is,
7 (x) = B(x,u)

for all x € 7.

3.3 The Fredholm Alternative

Theorem 3.6. Let T be a compact linear mapping of a normed vector space
V into itself. Then either (i) the homogeneous equation

x—T(z)=0
has a nontrivial solution x € V' or (i1) for each y € V, the equation
z—T(z)=y

has a uniquely determined solution x € V. Furthermore, in case (ii), the oper-
ator (I —T)~! whose existence is asserted there is also bounded.
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Proof. Let S = I — T where [ is the identity mapping and 7" : V' — V is
a compact linear mapping. Since [ is continuous and T is compact, S is a
continuous linear operator. Define 4" = S71(0) = {z € V : S(z) = 0} as
the null space of S. Note, by linearity and continuity of S, and the uniqueness
of limits, the null space is a closed subspace of V. To prove the Fredholm
alternative, it suffices to prove the following four lemmas.

Lemma 3.7. There exists a constant C' such that
dist(x, A) < C|S(x)|| (3.3)
for all x € V where dist(z, A") = inf ||z — y||.
yeN

Proof. Suppose the negation is true. That is, for every constant C', there exists
an x € V such that

dist(z, N) > C||S(x)].
Let C' = n where n € N. Then, construct a sequence {Z, },en where

dist(Zn, A) > C||S(Z)

||S( 31 where ||S(Z,)|| # 0 otherwise &, € .4 and
dist(Zp, A) = 0. Then, ||S(z,)|| = 1 and notice,

holds for each n. Set z,, =

(s, A) = int [, — ]

- ;eanH 1S@II yH
‘ T, — [|S(Tn |yH
vl [[S(zn) |l

1
> ————inf |7, — /]|
[S(@5)||v/er

>n
= n[[S (@)

since ||.S(Z,)|| > 0 and .4 is a closed subspace of V. Consequently, dist(x,,, A4") —
0o as n — 00. Let € > 0 be given. Then, for some y € A,

|lrn — 9| < dist(x,, N) + €.
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Let ¢ = dist(x,,-#") and construct a sequence {y, tnen C 4 such that
|Tn — ynll < 2dist(x,, AN)

holds for each n. By definition of the infimum, dist(z,, #") < ||z, —y,||. Write

= % where ||z, — yu|| # 0 since dist(z,,.4#") > 0. Then, ||z =1
Tn — Yn
and
15 = B =5l _ 1 1
" [ — ] 2 — ynll ~ dist(zn, A)

Sending n — oo shows ||S(z,)|| — 0 and so, S(z,) — 0 in V. Since {2, }nen is
bounded and T is compact, {T'(z,) }nen has a convergent subsequence {T'(2y, ) }ren
converging to some yo € V. Notice, z,, = S(zn,) + T(zy,,) for all k£ € N. Send-
ing k — oo shows z,, — yo since S(z,,) — 0 as every subsequence of a
convergent sequence converges to the same limit. Consequently, yo € A4 by
the continuity of S and uniqueness of limits. That is, klg]go S(zn,) = 0 but

klim S(zn,) = S(yo). This leads to a contradiction as
—00

dist(zp, A) = inf ||Zn Y|
yeN

=i =l
yen H ynH

_ g || = Y =l — ynHyH
yeN 120 = Ynll

> dist(zy,, N)
[
1

> —

=2

for all n € N. So, |zn, —yol| > & for all k € N contradicting ||z, — yo|| — 0 as
k — oo.
UJ

Lemma 3.8. Let Z = S(V) be the range of S. Then, % is a closed subspace
of V.

Proof. Let {xy}nen be a sequence in V' whose image {S(z,,) fnen converges to
an element y € V. To show Z is closed, there must exist an z € V such that

32



y = S(x). By Lemma 3.7, the sequence {dist(x,, 4 )}nen is bounded since
{S(xy) tnen is convergent and so {||S(z,)||}nen is convergent by the reverse
triangle inequality and therefore bounded. Construct the sequence {y, }nen C
A as done in Lemma 3.7 to obtain

dist(Tn, N) < ||zn — yul|| < 2dist(x,,, A)

for each n. Write w,, = x,, — y, then {||w,||}nen is bounded and S(w,) — y
in V as n — oo. Since T is compact, {T'(wy, ) }ren converges to some wy € V.
Since wy, = S(wy,) + T'(wy,) for each k, w,, — y+ wy as k — oo. By the
continuity of S and uniqueness of limits,

Sy +wo) = lim S(wn,) = y.

Letting x = y + wy concludes the proof.
O

Lemma 3.9. If 4/ = {0}, then Z = V. That is, if case (i) of Theorem 3.6
does not hold, then case (ii) is true.

Proof. By Lemma 3.8, the sets %; defined by S7(V) for j € N form a non-
increasing sequence of closed subspaces of V. Suppose for all j € N that %,
is a proper closed subspace of #;. Then, by Lemma 6.5, there is a sequence
{yn}nen C V such that y, € %, ||ynll = 1, and dist(y,, Zni1) > 5 for each n.
Then if n > m,

T(ym) - T(yn> =Ym — (yn + S(ym) - S(yn))

where vy, € Zn C a1, S(Yn) € Pns1 C Rmir, and S(Ym) € Fmr1. Setting
Y =Yn + SWYm) — S(yn)) € Zpm1 it follows that

1T () = T ()| = llym — ¥/
> dist(Ym, Bms1)
1

> —.

-2
Since this is true for all n,m, there is no subsequence of {T'(y,)}nen that
is Cauchy and therefore can not converge contradicting the compactness of
T since {yn}nen is bounded. Consequently, there exists a k € Z such that
RH; = Zy, for all j > k. Otherwise, by omitting the indices where they are
equal, we would obtain a decreasing sequence of closed subspaces. Let y be
an arbitrary element of V. Then, S*(y) € %), = %11 and so, there exists an
x € V such that S*!(z) = S*(y). Notice,
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S*(y) — 5" (x) = S*(y — S(x)) = 0.
Since 4" = {0}, then S7%(0) = S~1(0) therefore y = S(x) proving Z = V.
[

Lemma 3.10. If # = V, then 4 = {0}. Consequently either case (i) or case
(i) holds in Theorem 3.6.

Proof. Define a non-decreasing sequence of closed subspaces {./4;}jen by setting
AN; = S79(0). This is justified since for any z € A; = {z € V : S/(z) = 0},
Sitl(z) = S(S7(z)) = S(0) = 0 and so, z € A;;1. Suppose for all j € N
that .4#; is a proper closed subspace of .4;;;. By Lemma 6.5, we construct the
sequence {y;};en such that y; € A1, |ly;]| = 1, and dist(y;, A4;) > 3 for each
j. Then, if £ > j
T(yr) = T(y;) =y — (v + S(ye) — S(y5))

where y; € Aj1 C M, S*(S(y)) = S™H(yk) = 0 so S(yx) € A and
S*(S(y;)) = S¥H(y;) = S™(S7H(y;)) = S™(0) = 0 giving S(y;) € S Set
v =y; +S(yk) — S(y;) € A% then

1T (yw) = T(yp) Il = llye = o/l
> dist(yg, M)
1
> )
2
contradicting the compactness of T. Consequently, there exists an [ € Z such
that A; = A for all j > I. Let y € A and since S (V) = #Z = V, there
exists an € V such that y = S'(z). Notice, S'(y) = S?(x) = 0 and so,
T € Ny = A Hence, y = S'(x) = 0. Since y € 4] was arbitrary, .4/ = {0}.
Therefore, A4~ = {0} since {0} C A C A = {0}.
O
To finish the proof, all that is left to show is boundedness of S™! in case (i4)
whose existence is asserted since S is bijective. By Lemma 3.7, there exists a
constant C' so that

dist(z,. /) < C|S(3)|

holds for all € V. Since A" = {0}, it follows that dist(Z, 4") = ||Z||. Setting
T = S71(x) then,

[S~H )| < Cllx|
for all x € V. The Fredholm Alternative is therefore completely proved.
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4 Degenerate Elliptic Equations

4.1 The Dirichlet Problem

The Dirichlet problem associated to this study is as follows, where the degen-
erate matrix valued function ) and non-negative weight w € L, .(Q) satisfy
(1.1), f € L*(Q), and we suppress dependence on z €
1
—EDiV (QVu)+HTu+ Fu = f, xze€ (4.1)
u = 0, =z €.

In (4.1), F : © — R is a non-negative real-valued function, and for N € N,
H: Q — RY is a vector-valued function of the form H(x) = (hy(z), ..., hx(z)).
It is unnecessary to assume continuity or boundedness of the coefficient func-
tions H and F in general. The only requirement is that these functions belong
to various Orlicz and Lebesgue function spaces depending on the form of the
Sobolev inequality one is given. T is a vector of first order vector fields as-
sumed to be subunit with respect to the quadratic form 7 Q¢ where £ € R™.
Specifically,
T(z) = (T1(z), Tx(x), ..., Ty (z))

where the first order vector field T;(z) = t;(x) -V = E t;(x)ai is identified
I .
j=1

_ j
with the vector function t;(x) = (¢! (z), ..., ! (z)) that is subunit with respect
to the quadratic form £7Q¢. That is, each t; is defined and measurable in €2
for each 1 < j <n and

It - €7 < —‘*/?f - (4.2)

for all £ € R”, and almost every z € (). HT denotes the standard dot product
of H with T and given a real valued function u(z), the term HTu denotes

HTu = Z hi()Ty(z)u(z) =Y > hi(x)t;(x)a%u(x).

i=1 j=1

Note, (4.2) allows us to establish the following pointwise estimate.
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Lemma 4.1. Fizx N € N and T(z) = (T\(x),...,Tn(x)) where each T;(x) =

0 . .

E t (.T)a— is identified with the vector t;(x) = (!}, ....,t%) that satisfies
x<

j=1 ’

w(z)

for every £ € R™, and almost every x € Q). Then, for any (u, Vu) € QH}(Q;w),
we have the pointwise estimate

vV N
T(x)u(x z)Vu(zx)l. 4.3
!()()ISWI\/Q() ()] (4.3)

Proof. Fix (u, Vu) € QH}(Q;w) and consider the following estimate:

T (z)u(z)] = Z(ﬂ(x)U(x))2>

i=1

N 2\Vu(zx)|? 2
Z \\F;(w)(x) ()] )

= [ Y (tila) - w<x>>2)

IN

\/_N
= — z)Vu(z)|. O
\/WWQ( )Vu(z)|

Definition 4.2. A weak solution (u, Vu) € QH}(Q;w) of the Dirichlet prob-
lem (4.1) exists if the following expression

/VuTQVvdac+/UHTuwdx+/vFuwda::/fvwdx (4.4)
Q Q Q Q

holds for any Lipschitz function v with compact support in €.

We will always refer to these Lipschitz functions as “test functions” for our
weak solution (u, Vu) € QH}(Q;w). Before proceeding, we establish the left-
hand side of (4.4) is a well-defined bilinear form acting on the Hilbert space
QH(Q;w) x QHY(; w) to use the theory of Chapter 3.
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Lemma 4.3. .Z (u,v) /Vu QVv d$+/ vHTu wdx+/ vFuwdz 1s well
Q
defined on QH} (2 w) x QHL(Q;w) in the following two cases:

i) If Sobolev inequality (2.19) holds and H, F € L>(Q;w). Note, H €
L>®(Q;w) means for H(z) = (hi(z),...,hn(2)), hi(z) € L=®(Q;w) for
each 1 < i <n.

ii) If Sobolev mequal@ty (2.20) holds and H € LY#(Q;w), F € LY7(Q;w),
where Vg = —1and\IJF—e?—1f0r0<*y§

Proof. Ttem i) and zz) are proved in Lemma 4.5 and Lemma 4.12, respectively.
O]

Lemma 4.4. L (u,v) = / Vul' QVovdx + / vHTu wdx + / vFuwdzx is a
Q
bilinear form acting on QHJ (Q;w) x QH} (Q;w) .

Proof. For .Z to be a bilinear form acting on Q H} (Q; w) x QH} (2; w), linearity
in the first and second argument must be satisfied. Let u,v,z € QH}(Q;w)
and A € R. Then,

L (u+z,v) = / V(u—i—z)TQVde—i—/
Q

vHT (u+2) wdx—l—/ vF (u+ z) wdx
Q

Q
and since,

/ V(u+2)" QVvde = / Vu ' QVv dx + / VI'QVo dx
Q Q 9)
by the linearity of V, we find,

L (u+ z,0) =L (u,v) + 2L (z,v).

Next, we consider

Z (Au,v) :/V)\UTQVvdx+/
Q

Q

=)\ / Vul QVudz + X /
Q Q
=22 (u,v).

vHT (\u) wdx + / vF (Au) wdzx
0

vHTu wdx + )\/ vFuwdzx
Q

That is, .Z is linear in the first argument. Note, an identical argument shows
Z is indeed linear in the second argument. Since, u,v,z € QH}(Q;w) and
A € R were arbitrary, . is a bilinear form acting on QH} (;w) x QH} (Q; w).

0]
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4.2 Existence of Solutions

4.2.1 Bounded Coefficients Case

Suppose Sobolev inequality (2.19) holds. Let the coefficient functions H, F' €
L>(Q; w) with

1
CvVN

where C' > 0 is from Sobolev inequality (2.19). Notice,

[H[ 0 () < (4.5)

ﬁ(v):/glfvwdx

is a bounded linear functional on QH}(Q;w) for a fixed f in L?(Q2) and so, we
proceed showing boundedness and almost coercivity of .Z.

Lemma 4.5. There exists a constant C > 0 such that
L (u,v) | < Cllullgmyuw) vl grs @)

for all u,v € QHy (2 w).

Proof. Let u,v € QH} (€;w). Then, by Theorem 2.5

|-Z (u,v) | §/|\/@VU\/§VU|das+/ ]vHTu|wd:v+/|vFu|wdx
Q Q Q
< ||\/@vu||L2(Q)|y¢@w||L2(m+/ \UHH||Tu|wdx+/ [v|| F||u| wdz
Q Q

< [Jullgaimlvllom @) + 1 + 11

We estimate terms I and 1 separately beginning with the former. By Lemma
4.1 and Theorem 2.6, we have that

[:/|v\|HHTu\wda:
Q

<V [ oyl V@V da

< VN[ H]| (o) 070 200 1V @V ull 20
< \/NHHHLOO(Q;M)||u||QH(1)(Q;w)”UHQH})(Q;w)a
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where ||vy/w||r2) = ||v|| L2 Transitioning to 17, Theorem 2.6 gives

u:/\vnmumdx
Q

< JF|| oo @swy vV W] 20 Juv/w]| 20
<[ o @i 1l g it 0y 10| @213 (0500 -

Combining these estimates we find,
1 (,0) | < (14 VN[l <0 + 1 Fllze ) lullomyn 0 lomy@un-
Setting C' = 1 + V/N||H| 10 + || F|| 1) > 0 gives

-2 (u,v) | < Cllullguz @i 1Vl gri@uw)-

O

The bilinear form (4.4) fails to satisfy the coercivity property in the Lax-

Milgram Theorem. However, it is almost coercive meaning . is only a compact

operator away from having an associated coercive bilinear form. It is worth

noting that if H = 0 and F' = 0 almost everywhere in 2 then .Z satisfies the
coercivity criterion by Lemma 5.2.

Lemma 4.6. There are constants ¢, co > 0 such that
2 (,0) 2 sl — 2l

for all uw € QHy (O w).

Proof. Fix u € QH} (Q;w). Then,

L (u,u) > / 1/ QVul? dx — ‘/uHTuwdm‘—)/ uFuwdx‘
Q Q Q
> / 1/ QVul? dz —/ |u||H|| Tu| wdz —/ | Fu?| wdx

Q Q Q

1
2 m”u\%ﬂg(m — =11
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by Lemma 5.2. We estimate terms I and /I separately beginning with I. By
Lemma 4.1, Theorem 2.6, and Lemma 2.4 we have that for any € > 0,

1<V / /| |EL||/QV | da

< VN|H]| =@ lull 200 | V@Vl 20
< VN H| 2 (0) ellull 20y + VNIHI| e (@) €7 IV QVul 2 (g
< VNH| o) ellull 2oy + VNIHI 2 €l 30

ey | N @) | NY
< (T ) el + N g
. L 12
Choosing ¢ = (HHH%OO(QW) + N) (¢+1)" > 0 then,

2
~ 2
(1L gy + N) 6+ 1) |
< lullzz0m) + | 577772 ) 1ellgms
2 w) 2(¢+ 1)2 QHE(Qw)

Transitioning to I/, Theorem 2.6 gives
IT < || Fl| oo 0w )
= |1 Fll 1@ lull 2200

Combining these estimates we find,

2
2 ~ 2
| (LI < ) + ) (@4 1)
Z (u,u) > m”unégé(g;w) - 5 + [ F ] o (25 ||u‘|%2(§2;w)'
2
~ 2
| (1 gy + ) @+ 1)

Setting ¢; = + || F|| oo (9;0) Where

206+ 1) 2

c1, o > 0 gives

2 (1) 2 ellellgmyau — callvlza o)

We take advantage of .Z satisfying almost coercivity by setting

%’(z,v):‘iﬂ(z,v)jtcz/szdx

Q
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for z,v € QHJ(Q;w). Since

‘/sz de‘ < ||Z||QH(1)(Q;w)||U||QH(1)(Q;w)7
A is bounded. More, by Lemma 4.6
P (Za Z) = 3(27 Z) + CQHZH%Q(Q;w)
> allz G p e — 22l 2@ + 22l 2@
_ 2
= ClHZHQH(l)(Q;w)‘

Hence, 4 is coercive and since the QH}(Q;w) norm is equivalent to the inner
product (2.18), the Lax-Milgram Theorem gives for every ¢4 € (QHy(2;w))*,
there exists a unique z € QHJ(; w) so that

B(z,v) =9 (v)
holds for each v € Lipy(£2). This defines a mapping
S (QHY( w))* — QHY(S:w)

sending the bounded linear functional to the corresponding weak solution in
QHJ(Q;w). The mapping S is linear, continuous, bijective, and therefore in-
vertible. That is, S™' : QHJ(Qw) — (QH(Q;w))* is also linear, contin-
uous, and bijective. Define the mapping I;> : L*(Q;w) — (L*(Qw))* C
(QH;(;w))* by setting, for h € L*(Q; w),

IL2(h)(3):/thwdx

for every s € L*(Q; w). Note, 12 is continuous because it is linear and bounded.
Since the projection mapping IT : QH3(Q; w) — L*(2; w) is defined by

((u, Vu)) = u,

then for every v € QH}(;w),

/qu wdx = Ir211((u, Vu))(v).

As I;2 is continuous and II is compact, the composition I;21I is compact. This
composition property enables the establishment of the following lemma.
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Lemma 4.7. Let u € QHJ(Q;w). Then, u is a solution of (4.4) if and only if
u s a solution to the equation (I — K)u = o where I is the identity mapping,
K = c3SI211 is a compact operator, and o = S(F (v)) € QHy (4 w).

Proof. Suppose u € QH}(2;w) is a solution of (4.4). Then, u is a solution of

%wmzxmm+@/

Q

uvwdx:/fvwdx—ch/uvwdx:g(v). (4.6)
Q Q

Notice, (4.6) is equivalent to
B(u,v) — col211((u, Vu)) / fowdr = F(v). (4.7)

Applying the mapping S : (QH(Q;w))* — QH(Q;w) to (4.7) gives
S(B(u,v)) — cSUAI((u, Vu))(v)) = S(F(v)) (4.8)

where S(#(u,v)) = u since u is a solution of (4.6) and S(.% (v)) = « for some
a € QH}(Q;w). Since S is continuous and 21T is compact, we can define
the compact operator K : QHy(Q;w) — QH(2;w) by setting K = cpSTpe1I.
That is,

Ku = ¢ S(Ir211((u, Vu))(v))

and so, u is a solution to the equation (I — K)u = «. If u is a solution of
(I — K)u = «, the reverse argument shows u is a solution of (4.4).
O

By the Fredholm Alternative, either the homogeneous equation
(I -K)u=0

has a nontrivial solution v € QHj(;w) or for each o € QH}(Q;w), the
equation
(I -Khu=a«a

has a uniquely determined solution u € QHJ(2; w). In our context, the kernel
of the operator I — K is trivial and so, the former is impossible. To prove
this, it suffices to show the only weak solution to the homogeneous Dirichlet
problem is (u, Vu) = (0,0). This argument, however, requires the choice of
a test function v € QHy(2;w) to construct a contradiction. Therefore, we
demonstrate that a weak solution of (4.4) not only holds for all v € Lipy(£2),
but also holds for all v € QHJ(2; w) by the following density argument.
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Lemma 4.8. Suppose that the Sobolev inequality (2.19) holds. Ifu € QHg(;w)
is a weak solution of (4.4), then

Z(u,v) =7 (v)
holds for all v € QHL(Q;w).

Proof. Let (u,Vu) and (h,Vh) € QH(Q;w) where the former is a weak
solution of (4.4). Then, there is a representative sequence {f,} € Lipy(f2)
such that

| fo = Pl L2(@) — 0 as n — o0
and

VRV fr. — VAV 12(0) — 0 as n — 0.

Fix n € N, then
|-Z (u,h) — L(u, fr)| < T+ 1T+ 111,

where
I = /Q IVOVu(v/QVA — /QV f.)] dz < ||V QVull 120 [V QVE — /QV fall2(0y;
1= [ | = £)HTul wde < VI 0|V QT oy
11 = [ (= fo)Pul wde < [Pl ol = follzzen
More,
Z () = ()l = | [ £0 = f) wio
< fllezllh = fall2(@iw)-

Noting Z(u, f,) = Z(f,) for each n € N, sending n — oo gives
ZL(u,h) = lim Z(f,) = Z(h).

n—oo
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Lemma 4.9. If u € QH}(Q;w) is a weak solution of the Dirichlet problem

1
—EDiv(QVu) +HTu+ Fu = 0, z€Q; (4.9)
u = 0, x€d,

then (u, Vu) = (0,0) in QH(Q;w).

Proof. Let (u, Vu) € QH}(; w) be a weak solution of (4.9) such that (u, Vu) #
(0,0). Then,
ZL(u,v) = / Vul QVovdr + / vHTu wdx + / vFuwdr =0
Q Q Q

holds for all v € QH}(Q;w). Note, since (u, Vu) # (0,0), Sobolev inequality
(2.19) gives that supp(|v/QVu|) has positive measure. If H = 0, F' = 0, we
let the test function v = u, then by Lemma 5.2,

1
— _ 2 2
0=L(u,u)= /Q VQVul* do > Grip el )

That is, (u,Vu) = (0,0) by non-negativity of the norm. From this point
onward, we will assume that

IH| o< () + [ o (@) # 0

Let the test function v = u. Since F' is non-negative, then by Lemma 4.1 and
Theorem 2.6,

/Qy\/@vuﬁdx - —/

Q

< [ Juv/ullH [Tl Vids
Q

< VN [ Juval HI[VQVl do
Q
< VN|[H]| 2@ 1]l 2 (0:0) |V Q VUl 1200,
Dividing by ||v/QVu||r2(q) and employing Sobolev inequality (2.19),

uHTu wdxr — / Fu? wdx
Q

1

2
( / w@ww) < VNI (s 1l 22010
Q
< CVN|H|| =00 | VOV £2(0.
Dividing again by |[v/QVu| r2),

44



1< C\/NHHHLOO(Q;U))

giving a contradiction by (4.5). Therefore, u = 0 almost everywhere in .
Consequently, any weak solution of (4.9) is of the form (u, Vu) = (0, Vu) for
almost every x € Q. Let (0, Vu) be a weak solution of (4.9) then,

ZL(u,v) = / Vul'QVvdr =0
Q
holds for all v € QH}(Q;w). Set v = (0, Vu) then

/ 1/ QVul*>dz = 0.
0

By a previous argument, this shows Vu = 0 almost everywhere in €. Therefore,
(u, Vu) = (0, 0) is the only possible weak solution of (4.9).
O]
Since the kernal of the operator I — K is trivial, the Fredholm Alternative
guarantees the existence of a unique solution (u, Vu) € QH}(Q; w) satisfying
(I — K)u = a. By Lemma 4.7, we have proved the following theorem.

Theorem 4.10. Let () be a non-negative definite symmetric matriz-valued
function in Q@ C R™ with the non-negative weight w € Lj () that satisfies
(1.1). Suppose there exists a constant C' > 0 such that

lell 20y < ClIVAVE| L2()

for all p € Lipy(Q). Then, given f € L*(Q), there is a unique weak solution
(u, Vu) € QH (2;w) of the Dirichlet problem

1
{—EDzv(QVu)—l—HTuﬂLFU = [ ze; (4.10)

u = 0, x€d,;

whenever H, F € L>*(Q;w) and T is a vector of first order vector fields satis-
fying (4.2).

4.2.2 Exponentially Integrable Coefficients Case

Suppose Sobolev inequality (2.20) holds and let the coefficient functions H €
2 1

LY (Q;w) and F € LY7(; w) where Uy (t) = e!” —1 and Up(t) = e'” — 1 for
0 < < Z. Notice, Lemma 4.7 was independent of the roughness of H, F, and
only dependent on the continuity of the mapping
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S+ (QHHQ:w))" — QHY(O; w)
and the compactness of the projection mapping
IT: QHy (2 w) — QHg (2 w).

Therefore, we make the identical argument seen in the previous section to
prove Theorem 4.16 after establishing the following estimate that is required
in Lemma 4.12 and Lemma 4.13. In the development hereafter, constants
K, Ky, K3, and K, correspond to Lemma 4.11, Sobolev inequality (2.20), The-
orem 5.1, and Lemma 2.22 respectively. Note, the properties of every Young
Function used throughout this section is summarized in Table 1.

Lemma 4.11. Let u € QH}(Q;w). Then,
[uB|[ 20y < Cllull Lo @) HI| L @)

where ®(t) = t*logle — 1 +t)7 for 0 <y < % and C > 1.

2=

Proof. Let E(t) = tlog(e — 1 +t)” then E(t) = e!” — 1 and set A(t) =
t2log(e — 1 + 2)7. Since E(t) = A(t2) and E(t) = Uy(t2), Proposition 2.19
demonstrates

||u2||LE(Q;w) = ||U||2LA(Q;w)$
2] 2 00y = IEN o (-

where H? denotes the dot product of H with itself. Notice, A(t) < t?log((e —
1+1)?) = 2% log(e — 1 + t)7 = 27®(t). Therefore, by Theorem 2.18 and
Proposition 2.23

: (- / (2P wda
< 2 e 21 0
< 27 )2 g T

Taking the square root of both sides and setting C' = 27 > 1 gives

[ 2 () < Clluell L (@) H v (05 -
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Lemma 4.12. There exists a constant C' > 0 such that
|12 (u,0) | < Cllullgmy@um 1Vl Q@)

for all u,v € QH}(Q;w).

Proof. Let u,v € QH} (€;w). Then, by Theorem 2.5

|-Z (u,v) | S/|\/@VU\/§VU|dI+/ |UHTu|wdx+/|vFu|wdx
Q Q Q
< ||\/6vu||L2(Q)||\/@w||L2(m+/ |v||H||Tu|wd:z:+/ || F||u| wdz
Q Q

< lullguymlVlloms @) + 1 + 11

We estimate terms [ and 1 separately beginning with the former. By Lemma
4.1, Theorem 2.5, Lemma 4.11, Proposition 2.23, Lemma 7.4, and Sobolev
inequality (2.20), we have that

[:/|v]HHTu]wdx
0

< \/N/ lo/wH][\/QVu| da
Q
< VN|vH| 12 () 1V QVul| 120
< VNEKH|| o ) 10| 2 0500 10l 1 00
< VN K29 HI| v @y 101 29 050 10l i1 20
< \/NKlKQQqHHHL‘I’H(Q,w)HU’HQH(I](Q,U))HUHQH(%(Q,'LU)

q

2
Before estimating /7, notice for c = ———— that
log(e — 1)1

LWL () < U i(et)
by Lemma 7.5 for all ¢ > 0. Therefore, Theorem 5.1 with A\; = Ay = 1 gives

[0 E Lo () < BsllFll v e @ 10| 2¥ @)
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Transitioning to I1, Theorem 2.18 and Sobolev inequality (2.20) give
= / o] Fllu| wda
Q

< 2||u||L‘I’(Q,w)||UF||L‘I’(Q,w)
< 2K Fll pvr (s 12l 2o () 101 2% (010
< 2K22K3||F||L‘I’F(Q,w)||u||QH(1)(Q,w)||U||QH(1)(Q,1U)

Choosing
C =1+ VNEK2|[H| poy ) + 2K3 K5 Fl| o () > 0

then

Lemma 4.13. There are constants ¢y, co > 0 such that
2 (,0) = e1l[ulgs ) — 2l 2y
for all w € QH (O w).

Proof. Fix u € QH} (;w). By the reverse triangle inequality,
Z (u,u) > / 1/ QVul? dr — ‘/uHTuwdx‘—’/ uFuwdx‘
Q Q Q
2/\\/@Vu]2dx—/\uHHHTu!wdx—/|Fu2\wda:
Q Q 0

1

by Lemma 5.2. We estimate terms [ and I separately beginning with /. Let

E(t) = tlog(e — 1+1t)” and B(t) = tlog(e — 1+1t)?. Since 0 <y <, we have
that

t2(B7\(1))2 < E~'(ct)
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for all t > 1 when ¢ = 1; see Lemma 7.6 and definition 7.3. Therefore, by
Lemma 2.22

N

121 3oy < (et s 0 + Kozl 2 @)
< <K451—1||u2||%1(0;w) + K451Hu2”%3(9;w)> :
Set C(t) = t2log(e — 1 + ¢2)7 then B(t) = C(t2) and Proposition 2.19 gives
1421 sy = el
1?1125 gy = el -
Notice, C(t) < t?log((e — 1 4 t)*)? = 29¥(¢) and so, by Proposition 2.23

Nl e @) < 29wl L @) = sl Lv (@) -
That is,

l p—
HUQHZE(Q;U,) < Ky&; 1HUHLZ(Q;w) + K4K551H“”L“’(Q;w)-

By Lemma 4.1, Theorem 2.5, Theorem 2.18, Proposition 2.19, Corollary 2.4,
and Sobolev inequality (2.20), we have that

I:/\u||H||Tu|wdx
Q

< \/N/ luyv/wH| |/ QVul dz
Q
< VN|[uH| 20 V@Vl 12(0)

2
— VN /!u|2|H|2wdx IV QVu| 120
Q

< VANIIE( 2 g 121 V@V 0 200

= VN[ H oo 0211 g V@Vt 2000

< VN[ o ) (Kol 2 + KaFose lull v i) V@Vl 20
< V2N | o g Ko7 (2 V@Vl a0 + 25" [0l 0 )

+ VENIH Lo g Ko Ka Ko [l 3 0
K, Ky

S5 (2N + [H| 7wy, ) (e1"'e2 + K2 K5e1) ||U||ng5(Q;w) t5 (N + H120y) €5 ullZ2 ()
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where €1,69 > 0 and will be chosen momentarily. Transitioning to /I and
employing Theorem 2.18, Lemma 2.22; Proposition 2.19, Proposition 2.23,
Corollary 2.4, and Sobolev inequality (2.20) gives

II—/\FU2|wdx
Q
< QHFHL“PF(Q;w)HUQHLE(Q;w)
< ZHFHL‘I’F(Q;w) <K45§1HUH%2(Q;1U) + K4K553HUH%W(Q;1U)>
< (1P gy + K3) 5 Nul20iy + (I o ) + BF) K3 K2l 0

Choose e1, 9, and €3 > 0 such that

2
€1 = = ;
K2K4K5 (2N + ||H||i‘I’H) ,ul(c—|— ]_)2
c 281
2 = — ;
Ky (2N + [HIPuy) (e + 12
1
€3

K3Ks (1P o+ K7) e+ 17

where i1, po, 3 € R satisty

K1 p2 p3

Setting ¢y, co > 0 as follows completes the proof

1 .
p(e+1)%
2N + =7
¢y = Ky (—”2 H”’H) i+ (IF e oy + K7) 2"

C1 =

O

Lemma 4.14. Suppose that the Sobolev inequality (2.20) holds. Ifu € QH}(Q;w)
is a weak solution of (4.4), then

Z(u,v) = .F(v)
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holds for all v € QHJ(Q;w).

Proof. Let (u, Vu) € QHg(Q; w) be a weak solution of (4.4) and let (h, Vh) €
QHJ(Q;w). Then, there is a representative sequence {f,} € Lipo(Q;w) such
that

| fn = PllL2(u) — 0 as n — o0
and
VOV fr, — VQVh| 12(0) — 0 as n — oo.
Fix n € N, then
|-L (u, h) — L(u, fo)| < T+ IT+ 111

where

1= [ WVQvu(v/Qvh-/Qvs)ld
< IVQVUll 20| VQVE — VOV ful 12

H:i/Kh—ﬂQHTMudx
Q

<V [ (= )HIVQVl wis

< VN||(h = fu)H| 2000 1V Q VUl 120

< \/NCHHHL‘I’H(Q;w)H(h — F)llze @ [V Q VUl r2(0

< \/NOHHHLWH(Q;UJ)H(h - fn)”LW(Q;w)H\/@VUHL?(Q);

< VNCE|H| pvis (0, | VOV = VOV fll 2|V @V 20

]I]:/ |(h — fn)Fulwdx
Q

< 2[|(h = fo) Pl Lo
< 2K3HFHL‘I’F(Q;1U)Hh - anL‘I’(Q;w)”uHL‘I’(Q;w)
<2 K| F || o ) [V Q@VE = QY full 2@l Lo (-

|u||L‘I'(Q;w)
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Additionally,

Z(0) = F ()= | [ =) wda
< ”fHL2(Q7w)”h - fn”LQ(Q;w)-
Since Z(u, f,) = F(f,) for each n € N, sending n — oo gives

L(u,h) = lim Z(f,) = F(h).

n—oo

]

Lemma 4.15. If u € QH}(Q;w) is a weak solution of the Dirichlet problem

1
{—EDZU(QVU)‘FHTU—'—FU = 0, ze (4.11)

u = 0, x€d,
then (u, Vu) = (0,0) in QH}(;w).

Proof. Let (u,Vu) € QHj(;w) be a weak solution of (4.11) such that
(u, Vu) # (0,0). Then,

.i”(u,v):/VUTQVvdx+/vHTuwdm—|—/vFuwdm:O

Q Q Q

holds for all v € QH}(Q;w). Note, since (u, Vu) # (0,0) Sobolev inequality
(2.20) gives that supp(|v/QVul) has positive measure. If H = 0, F = 0, we
let u = v, then by Lemma 5.2,

1
_ _ 2 2
0= 2(uwu) = [ VQVU o > sy
That is, (u,Vu) = (0,0) by non-negativity of the norm. From this point
onward, we will assume that
I Lvi ) + 1 Lo e () # 0

For each k > 0, (v, Vv) = ((u — k)4, Liusky V) is a valid test function for u;
see [1]. Note, Vv = Vu on the support of Vv and since F' is non-negative,
then by Lemma 4.1 and Theorem 2.5,
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/|\/@VU|2dQ::—/vHTuwdx—/vFuwdm
Q 0

Q

:/UHvada:—/Fv2wd;r—k/vod;E
Q Q Q
< [ vvwH||Tv|vwdz
Q
< VN||vH|| t2(00) | V@V V| 2(02)-

Dividing by [|v/QVv||12(q),

2

/M@w?m < VN |vH|| 12 (0.)- (4.12)

Q

By Lemma 4.11

||UHH%2(Q;w) < 2’Y+1HHHi‘I’H(Q;w)HU ’ 1”%¢(Q,w)

2

and with ¢~ 1(t) = log(e — 1 + t)*=", p(t) = !* " — 1 we have that
() (t) < 7 (et)

for all t > 0 when ¢ = 1. Theorem 5.1 with Ay = Ay = 1 and Proposition 2.24
then show

v+ [ Lo ) < Ksllv]l 2w @l Lsll e @)

1
9—7

1og(e_1+ﬁ)2

||UH||%2(Q;w) S 27+1 HHHi‘I’H (Qw) ||U||%‘I’(Q,w) H]]‘SH%‘P(Q;M))

< PR H s ) |V @V (00 1Ll -

and S = supp(|v/QVv|). Thus,

where [[1[| Lo (o) =

(4.13)
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Furthering estimate (4.12) with (4.13) and Proposition 2.3

? RESE
(/Q|\/@Vvl2dx) < 275 VNEo/ Kol B o 0 | V@Vl 2620 | Ll 200

27T+ N e
< (T) KQ K6HHHL‘I’H(Q;w)H\/QVUHLQ(Q%U/)“ILSHL(P(Q?W)'

2'y+1 + N

Dividing by V@Yol g and stting 5 = (235 ) KoV Rl v

we find

1< B

1 14+ —
o8 ( - w(S))

1\ e~
Setting § = (E) > 0 and isolating for w(S) we find

1

0< —
es

< w(S).

This estimate is independent of k and letting k& — sup(u) > 0 gives us that
Q
v = 0 almost everywhere while the L*(2) function |\/QVv|? has support with

positive measure contradicting (4.12). Therefore,

sup(u) < 0.
Q

Since (v, Vv) = ((u+ k)—, L{u<—ry Vu) is another valid test function (see [1]),
repeating the identical argument and letting & — igf(u) < 0, we obtain the

same contradiction and conclude

18f(u) > 0.

Therefore, u = 0 almost everywhere in 2. Hence, any solution of (4.11) is of
the form (u,Vu) = (0,Vu) € QH}(Q). Let (0,Vu) be a weak solution of
(4.11) then,

ZL(u,v) = / Vul'QVvdr =0
0

o4



holds for all v € QHJ(2;w). Set v = (0, Vu) then

/ 1/ QVul*dz = 0.
0

By a previous argument, this shows Vu = 0 almost everywhere in €. Therefore,
(u, Vu) = (0, 0) is the only possible weak solution of (4.11).
O
By the Fredholm Alternative and Lemma 4.7, we have proved the following
theorem.

Theorem 4.16. Let () be a non-negative definite symmetric matriz-valued
function in Q C R™ with the non-negative weight w € L} () that satisfies
(1.1). Suppose there exists a constant C' > 0 such that

lellzy @) < ClIVAV L2

for all ¢ € Lipy(Y). Then, given f € L*(Q), there is a unique weak solution
(u, Vu) € QHJ (;w) of the Dirichlet problem

1
{—EDZU(QVU)‘f'HTU'f‘FU = f Tew (4.14)

u = 0, x€d;
whenever H € LY#(Qyw), F € LY*(Q;w) where Uy(t) = 7 — 1, Up(t) =

1
e’ =1 for 0 <y <% eR" and T is a vector of first order vector fields
satisfying (4.2).
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5 Appendix A - Preliminary Estimates

The proof of the following theorem can be found in [11].

Theorem 5.1. Let (X, A, u) be a measure space and let Uy, Wy, ..., W, and
A, Ag, ooy A be Young functions and positive real numbers, respectively. Sup-
pose that ® is a Young function whose inverse satisfies

m

[Ty Y <o (et (5.1)

Jj=1

for some constant ¢ > 0 and t > p(X)~L. Then, for any collection of real-
valued p-measurable functions fi, fo, ..., fm on X, there exists a constant C'
that is independent of each f; such that

m
H [T
j=1

Lemma 5.2. Suppose Sobolev inequality (2.19) holds. Then, there are con-
stants c1,co > 0 such that

<cITIss, . 5.2
L<I>(X7A7u)_ ]:HIHfjHL\I,](X7A,},L) ( )

allfllouy@w) < Iz < ellfllomy@w) (5.3)

2

for all f € QHy(Q;w) where || f|z2(q0) = /|\/@Vf|2dx

Q

Proof. Clearly ||fllc2@0) < c2llfllomyy for co = 1. By Sobolev inequality
2.19, we have that

[ Flloms o < & ( / |\/§Vf|2d:v> ; ( / M@wwx)
— @+ DIf oo,
1
Setting ¢; = 1 > (0 we find,

allfllomy@w < 1flle2@e) < c2llflouy@uw):-
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6 Appendix B - Supporting Theorems

The proofs of these results can be found in [8] and [12].

6.1 Lax-Milgram Theorem Prerequisite Results

Theorem 6.1. Let V' be a normed vector space. A linear functional % :V —
R is a continuous if and only if there exists a constant C' > 0 such that

7 ()| < C|=]]
forallz € V.

Theorem 6.2. For every bounded linear functional % on a Hilbert Space F,
there is a uniquely determined element f € F such that F(x) = (x, f) for all
x € .

Lemma 6.3. Let Z and & be Banach spaces and T : 8 — 2 be a continuous
linear mapping. Suppose that there is a C' > 0 such that T satisfies

Cllz]] < [[T()]]
for all x € B. Then, the range of T, Z(T), is a closed set.
Theorem 6.4. Let % be a closed subspace of a Hilbert Space 5. Then, for

every x € ', we have v =y + z where y € % and 2z € U .

6.2 Fredholm Alternative Prerequisite Results

Lemma 6.5. Let V be a normed vector space and % a proper closed subspace
of V. Then, for any 0 < 1, there exists an element xo € V satisfying ||xg|| = 1
and dist(zg, %) > 0.
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7 Appendix C - Young Functions

Young Function Properties Sources
U(t) U(t) =t*logle — 1 +)7  [3], [13]
Ul(t) ~ tzlog(e — 1 +t)~ 4
(1) ~ t21og(e — 1473
U-1(t) ~ tz log(e — 14 1)%
D(t) O(t) = t?log(e — 1 + )7 3], [13]
dL(t) ~ t2logle —1+1¢)73
O(t) ~ tlog(e — 1+ 1)~ 2
dL(t) ~ t2log(e — 1 + )3
(1) Uplt) = et 1 3]
UL (t) ~log(e — 1 +1)2
\I/H(t) \I/H(t) == etﬂY 1 [3]
W' (t) ~ log(1 +t)7
E(t) E(t) =tlog(e — 1+ t)Y 3]
E7Y(t) =~ tlog(e —14+t)™
E(t) e — 1
B(t) B(t) =tlo g(e —141t) 3]
B7(t) ~ tlog(e —1+t)74
(1) o)=¢™" 3
p ' (t) ~logle — 1+ 1)

Table 1: Section 4.2.2 Young Functions

Remark 7.1. In Table 1, ¢ >0 and 0 <y < 4

Definition 7.2. Given two non-decreasing functions a and b, we say b is larger
than a and write a(t) < b(t), if there exists tg > 0 and ¢ > 0 such that for all
t > to, then a(t) < cb(t). If a(t) < b(t) and b(t) < a(t), we write a(t) = b(t).

Definition 7.3. Given two non-decreasing functions a and b, we say b domi-
nates a and write a(t) < b(t), if there exists to > 0 and ¢ > 0 such that for all
t > to, a(t) < b(ct). If a(t) 2 b(t) and b(t) =< a(t), we write a(t) ~ b(t).
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Lemma 7.4. Let f be a measurable function. Then, || f||Le @) < 2 f |l ov(uw)
for q > 0.

Proof. Since e+t < (e —1+t)*forallt >0and 0 <y < 2, we have that

®(t) = t*(log(e — 1 + 1))
< t*(log(e + 1))
< t*(log(e + 1))
< t*(log((e — 1 +1)?))1
= 2%*(log(e — 1 + )4

= 290(¢).
Since 27 > 1 for all ¢ > 0, Proposition 2.23 concludes the proof.
O

Lemma 7.5. Let U~1(¢), U, (t) and U~1(t) be defined as in Table 1. Then,

U H W) < U Het) (7.1)

24
for allt > 0 where ¢ = m and q > 0.
Proof. Notice,
log(e —14+1)2 <log(e+1)7 <log(e+1t)? < 2%log(e — 1 +1)%.
Consequently,
log(e — 1 +1)2 < o8 log(e — 141)2
log(e —1+t)2log(e — 1 +ct): —  log(e —1+1t)2log(e — 1+ ct)?
24
log(e —1+ct)d
We want to find ¢ > 0 such that
24 1
7 < co.
log(e — 14 ct)2

Equivalently,

21 < ¢2 log(e — 1+ ct)3. (7.2)

Since log(e — 1 + ct)? is increasing as ¢ increases, it suffices to choose ¢ > 0
that satisfies (7.2) at the minimum value. That is, ¢ = 0. This restricts our
choice of ¢ to satisfy
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24
> —.
€= log(e —1)a

24

Tog(e — 1) establishes (7.1) for all £ > 0.
og(e —

Choosing ¢ =

Lemma 7.6. Let B~1(t) and E~*(t) be defined as in Table 1. Then,

(B7Y(t))2 < E7(ct)

D=

t

holds for allt > 1, where c =1 and q > 0.

Proof. We want to find a ¢ > 0 such that

log(e — 1+ ct)Y

— < c.
log(e —1+1)2

Since 0 < 2 < g, setting ¢ = 1 ensures
2

log(e — 1 +t)"
log(e — 1 +1)2

for all t > 1.
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