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DIFFICULTIES IN OBTAINING FINITE TIME BLOWUP FOR
FOURTH-ORDER SEMILINEAR SCHRODINGER EQUATIONS
IN THE VARIATIONAL METHOD FRAME

RUNZHANG XU, QIANG LIN, SHAOHUA CHEN, GUOJUN WEN, WEI LIAN

ABSTRACT. This article concerns the Cauchy problem for fourth-order semi-
linear Schrodinger equations. By constructing a variational problem and some
invariant manifolds, we prove the existence of a global solution. Then we an-
alyze the difficulties in proving the finite time blowup of the solution for the
corresponding problem in the frame of the variational method. Understanding
the finite time blowup of solutions, without radial initial data, still remains an
open problem.

1. INTRODUCTION

In this article, we consider the Cauchy problem of the semilinear fourth-order
Schrodinger equation

iug + Au — A% = —|ulPu, (z,t) € RN x [0,T),

(0, z) = uo(x),

(1.1)

where i = /—1, A2 = AA is the biharmonic operator, A = Zf\; 68—; is the Laplace

operator in RY; wu(x,t) : RV x [0,T) — C denotes the complex valued function,
T is the maximum existence time; N is the space dimension and p satisfies the

embedding condition
2< N <4,
0<p< {+OO’ - (1.2)

8
5 N >4

There has been a lot of interest in fourth-order semilinear Schrodinger equation,
because of their strong physical background. Karpmam [12] investigated the fourth-
order Schrédinger equation

1 1
iu + iAu + §7A2u + ul*Pu = 0, (1.3)

where v € R, p > 1, and the space dimension is no more than three. Equation
(1.3) describes a stable soliton which is a wave pulse or wave beam, specially, there
are solitons in magnetic materials for p = 1 in 3-D space. Karpmam and Shagalov

2010 Mathematics Subject Classification. 35B44, 35G25, 35A01, 35Q55.

Key words and phrases. Fourth-order Schrédinger equation; global solution; blowup;
variational problem; invariant manifolds.

(©2019 Texas State University.

Submitted January 11, 2019. Published June 24, 2019.

1



2 R. XU, Q. LIN, S. CHEN, G. WEN, W. LIAN EJDE-2019/83

[13] presented a numerical study on the axially symmetric fourth-order Schrodinger
equation

8

"¢
where S >0, up >0, A = 5‘2/8/02 + (1/p)9/90p, and &, p are properly normalized
cylindrical variables. For A < 0, Equation (1.4) plays a crucial role in the self-
focusing, here the fourth derivative term in (1.4) may give rise to an oscillatory
approach to the asymptotically homogeneous wave beam. Fibich et al. [9] ana-
lyzed the self-focusing and singularity formation in the mixed-dispersion nonlinear
Schrédinger equation

iy + Au+ eA%u + [ul®Pu =0, (2,t) eRY x[0,7T), (1.5)

where € = +1, p > 1, which occurs in propagation models for fiber arrays. The au-
thors showed that the generic propagation dynamics for ¢ < 0 is focusing-defocusing
oscillations. Davydova et al. [7] considered the Schrédinger equation in dimension-
less variables

+ SAJ_u+)\AJ_u+u|u| u =0, (1.4)

iug + DAu + PA?u + Blu|?u + Klu|*u = 0, (1.6)
where D, P,B,K € R and BK < 0. This equation was used for describing the
dynamics of slowly varying wave packet envelope amplitude.

Given its mathematical interests, a lot of attention is paid to the existence and
nonexistence of global solutions to the fourth-order semilinear Schrodinger equation.
Pausader [14] studied the equation

iug + A%u + BAu + A|uv’*1u =0, (z,t)cRY x[0,7), (1.7)

where \, B € R, p € (1,2%# —1], and 2# = 2
embedding from H? into Lebesgue’s spaces. Using the Strichartz-type estimates
and Gagliardo-Nirenberg’s inequalities, he proved the local well-posedness, and
investigated global well-posedness and scattering with radially symmetrical initial
data.

Fibich et al. [9] proved the existence of a global solution to the Cauchy problem

iug + eA*u + |[ul®Pu =0, (2,t) € RY x[0,7T),
(0, x) = up(x),
under each of the following three sets of conditions: (i) € > 0, (ii) ¢ < 0 and pN < 4,
(i) e < 0, pN =4 and lluol|3 < ||R5||3, where Rp is the ground-state solution
of ~A2Rp — Rp + RN = . Furthermore, the authors gave the global well-
posedness of problem (1 8) on a bounded domain  C RY with Dirichlet boundary
condition when (i)—(iii) are satisfied. Based on the numerical simulations instead
of rigorous mathematical proof, the blowup solution was showed. And they figured

out sufficient conditions for existence of global solution for (1.8) and for (1.5).
Guo and Cui [10] studied the Cauchy problem of the equation

iy + pA%u + MNu+ f(|lul)u =0, (z,t) e RY x[0,7),
u(0, ) = uo(),
where A € R, u # 0, and f is a given real-valued nonlinear function. Let N = 1,2, 3,
by the standard contraction mapping argument, a local solution for uy € H* and

k > % was obtained. Then the authors obtained a global solution of (1.9) with
vu? instead of f(|u|?), for each of the following three sets of conditions: (i) uv > 0;

1 is the energy critical exponent for the

(1.8)

(1.9)
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(i) pr < 0 and 0 < pN < 4; (iii) uv < 0, pN > 4 and initial data |jug||3 < c*,
where 0 < ¢* < 1.

Later, Guo [11] consider the Cauchy problem (1.9) with vu?? instead of f(|u|?) in
the low regularity Sobolev space H*(R™)(s < 2). Assuming that 4 < (p—1)N/2 <p
and

PAN — 94\ /(2p+5 - 5EN)2 + 16
2(p—1) ’
by the I-method and ||Iu0||i(§j+11)> < 0N2(2_5)||u0||%f+1), where C' is a constant,
the global well-posedness of solution was established when p > 0, A < 0, > 0 or
nw<0,A>0,v<0.
There is literature devoted to blowup solutions. Consider the Cauchy problem
of the fourth-order Schrodinger equation

iug — A%u = —|u|?Pu, (z,t) € xRY x [0,T),
u(z,0) = up(x).

In the mass-critical case Np = 4, using an adaptive grid technique, Baruch et al.
[1] proved the peak-type singular solution by numerical simulation when the space
dimension is no more than three. Later, for the mass-supercritical case Np > 4,
Baruch et al. [3] considered peak-type singular solution of (1.10) through asymp-
totic analysis and numerical simulations. Ring-type singular solution of (1.10) was
studied numerically in [2]. Most recently, Dinh [8] proved the finite time blowup
of solution with radial data ug € H7(RY) N H?(RYN) for negative initial energy,
ie, F(up) < 0and N > 5, 4/N < p < min{2,4/(N — 4)}. Moreover, the addi-
tional condition sup,c( 7y [lu(t)||}; < oo is also needed, where the critical Sobolev

s>1+

(1.10)

exponent vy, := % — %.
Boulenger and Lenzmann [4] studied the equation
iug — A%u + pAu = —|ul*Pu, (z,t) e RN x [0,T), (1.11)
whereO<p<oofor2§N§4andO<p<ﬁforNZ& When p > 0,

in the mass-supercritical case = < p < x5 (N > 5) for negative initial energy

(E(ug) < 0), they proved the blowup of solutions with radial initial data in H2(RY),
which was also established for the mass-critical case p = % (N > 2) and the energy-
critical case p = ﬁ (N > 5). Furthermore, for the mass-supercritical case and
the energy-critical case, it was proved that: (i) when p # 0, finite time blowup
of solution was obtained for negative initial energy (E(ug) < 0); (ii) when u = 0
(although this is not the case considered in the present paper), the finite time
blowup of solution with radial initial data ug (not necessarily radial in the mass-
supercritical case) can be obtained for the positive initial energy.
Cho et al. [6] studied the Cauchy problem

i+ Au — pA2u = —|x\72\u|%u, (z,t) e RN x [0,T),

U($,O) = ’l/)(l’),
where 1 > 0 and N > 3, —|z|~2|u|~¥ works as an attractive self-reinforcing poten-
tial, —|z|~2|u| ¥ u is a Hartree type nonlinearity, ¢ (z) is a sufficiently smooth and

decreasing function. They investigated existence and finite time blowup of local
solution to (1.12) for negative initial energy (E(ug) < 0).

(1.12)
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In summary for the Cauchy problem (1.10) of the fourth-order Schrédinger equa-
tion with term —AZ2u, when ug is radially symmetric and E(ug) < 0: for the mass-
critical case, the solution of (1.10) either blows up in finite time, or blows up in
infinite time [4]; for the mass-supercritical and energy-critical cases, the solution
of (1.10) blows up in finite time [4]; because of the lack of conservation of mass,
the solution of (1.10) blows up in finite time for 4/N < p < min{2,4/(N — 4)}
[8]. When wuy is radially symmetric and E(ug) > 0, the finite time blowup solution
of (1.10) was proved in the energy-critical case and the mass-supercritical case (ug
is not necessarily radial) in [4]. For the Cauchy problem (1.1) of the fourth-order
Schrodinger equation with radial initial data, which contains both —AZu and Aw,
E(ug) < 01is currently a sufficient condition for the finite time blowup of solution in
mass-critical, mass-supercritical and energy-critical cases [4]. The above discussions
indicate that there is no blowup result for problem (1.1) when the initial energy is
non-negative, i.e., E(ug) > 0. Hence we have no sharp condition for problem (1.1)
in positive initial energy case, which even can be derived for the second-order non-
linear Schrédinger equation [22]. As the sharp condition is not only the sufficient
condition of blowup, but also its necessary condition to some extent, and links the
initial conditions of blowup and global existence, we desire to obtain it for problem
(1.1), similar to the case of second-order nonlinear Schrédinger equation as follows:
(i) Ifup € B := {u € HY(RY) : I(u) < 0, E(u) < d}, where d > 0, then the
solution u(x,t) blows up in finite time; (i) If ug € G := {u € HY(RY) : I(u) > 0,
E(u) < d}, then the solution u(z,t) exists globally [22]. And the sharp conditions
were also derived for the second-order Schrodinger equation with harmonic poten-
tial (cf. [16, 20, 21]). It is well known that all the sharp conditions on Schrodinger
equations for positive initial energy were proved by the so-called potential well
method or the mountain pass theory [16, 20, 21, 22]. It is natural to ask if we can
applied the potential well method to problem (1.1) to derive the sharp condition.
This paper deals with this problem by considering two points: existence of a global
solution and finite time blowup of local solutions. First we construct the structure
of the potential well method, and then prove the invariance of manifolds. By these
tools, we shall prove the global existence first. But we find that it is too hard to
prove the finite time blowup because of the failure of the standard route for the
second-order Schrédinger equation. However, we do not like to just convince that
we have given up to prove the blowup part of the sharp condition. Hence in this
paper we like to show the main difficulties of proving the blowup part of the sharp
condition by comparing to the case of second-order Schrodinger equation and the
computation of the second-order derivative of J(t) = [ |x|*|u|*dz. It should be men-
tioned that, we denote by J”(¢) the second order derivative of J(t) = [ |z|*|ul*dz
for the fourth-order semilinear Schrodinger equation and by J”(¢) the second-order
derivative of J(t) = [ |z|*|u|?dz for the second-order semilinear Schrédinger equa-
tion, where J”(t) and J”(t) are essentially different for the different composition of
equation. Generally speaking, the motivation of this paper is to prove the global
existence part of the expected sharp condition and analyze the difficulties of prov-
ing the blowup part. Next we shall explain why the computation of J”(¢) is that
important for proving the finite time blowup of the solution to problem (1.1).

Indeed in this article we have proved the existence of a global solution to (1.1)
for I(ug) > 0 and 0 < E(ug) < d. To derive the expected sharp condition, we
need to prove the finite time blowup part of the sharp condition for I(ug) < 0
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and 0 < E(ug) < d, which seems too difficult to be obtained, and is very different
from the case of second-order semilinear Schrédinger equation. In the progress
of proving the finite time blowup as a part of the sharp condition, the inequality
|lul|* < C(N)||Vu| - ||zu|| plays a very important role [17]. Because of the mass
conservation (we shall prove this in Lemma 3.2), we can only expect that the finite
time blowup happens to the term ||Vul|, thus we need show that the term ||zul|
must hit the zero line as time t approaches to a finite time 1" < oo. To prove this,
a convenient way is to verify that J(t) = [ |z|?|u|?dx is convex, i.e., J”(t) < 0 for
J(up) > 0 and 0 < E(ug) < d as [16, 20, 21, 22]. For the Cauchy problem (2.1) of
the second-order semilinear Schrédinger equation for 0 < E(ug) < d, we have

Np
I(u) = 24| Vul? - Pt2)q
) = [+ 190? = g2 o

and

Np
J'(t) = 8/RN <|Vu|2 - mwﬂ)dx.

Obviously, J”(t) has a very similar structure with the Nehari functional I(u), hence
I(u) < 0 can easily yield J”(t) < 0 to prove the blowup of solution. But for
the Cauchy problem (1.1) of the fourth-order semilinear Schrédinger equation, we
do not have such luck. We shall derive in the main part of this paper that the
corresponding J”(t) for the fourth-order semilinear Schrodinger equation is

J"(t) :8(4/ |V(Au)|2dm+4/ \Au|2dx+/ |Vu|2dx>
RN RN RN

N
+ 4( _ VP |U\P+2dx + (2N +4) Re/ |u|Pulade
p+2 Jpw RN

+ 4Re/ |ulPuz - V(Aﬂ)daz)
RN

by comparing it with
Np
2(p+2)

As the structure of this J”(t) is complex and very different from that of I(u), up
to now, we do not know how to derive J”(¢) < 0 from I(u) < 0, so we have to leave
the finite time blowup part of the possible sharp condition open. In this paper,
we first prove the global existence part of the sharp condition for problem (1.1)
with 0 < E(up) < d. Then by a rather long but totally explicit computation for
J"(t), we analyze the difficulties of proving the blowup part of the sharp condition
for problem (1.1) with 0 < E(up) < d. As Cazenave [5] (Chapter 6.5) indicated,
the calculation based on the variance of J(t) = [ |z|?|u|?*dz for the second-order
semilinear Schrodinger equation is technically complicated, to calculate J”(t) for
the fourth-order semilinear Schrodinger equation is a much more difficult work.
Unfortunately, there has been a work [15, Theorem 3.3] incorrectly using the J”(t)
for the second-order semilinear Schrédinger equation as the J”(¢) for the fourth-
order semilinear Schrédinger equation. Therefore, the calculation of J”(t) will be
a tough work.

The rest of this paper is organized as follows. In Section 2, the established
results for the second-order semilinear Schrédinger equation is revisited to compare
with the fourth order case. We also calculate J”(t) for the second-order semilinear

J(U):/ (1uf? + [Vl + | Auf* - [uf?*2) da
]RN
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Schrodinger equation in detail to illustrate the relation between I(u) and J”(¢) and
show the detailed steps for the calculations of J”(t) for the fourth order case. In
Section 3, we first verify the energy and mass conservation laws for the fourth-
order semilinear Schrédinger equation through accurate calculations. Meanwhile,
the global existence of solution for the fourth-order semilinear Schrédinger equation
is proved in the case of 0 < F(ug) < d and I(ug) > 0. Then the attentions quickly
move to the analysis of the failure of proving the finite time blowup of the solution
for the fourth order case in the frame of variational method by calculating J”(¢)
and corresponding analysis.

2. NONLINEAR SECOND-ORDER SCHRODINGER EQUATION

In this section, we consider the Cauchy problem
iug + Au = —|u|Pu, (z,t) € RY x [0,T),

u(0, 2) = uo(x), @1)

where i = v—1, A = Zf\il 88—;2 is the Laplace operator in RY, u(z,t) : RV x
[0,T) — C denotes the complex valued function, T is the maximum existence time,
N is the space dimension and p satisfies the embedding condition

4 {+oo, N=1,2
—<p<

N 4 N > 2.

N_2
Consider the Cauchy problem (2.1), we define the energy functional

1 1
E(u) = ~|Vul? = ——ulP*?)d

and the auxiliary functionals

1 1 1
Plu) — (7 2 1 2 L p+2)d
) = [ (Gl + 5IVal? = =gl *2) e

and

Np
I(u) = 2+ |Vul? - Pr2) dr.,
W= [ (1 +19uP = 5 Lt do

For the above two functionals, P (u) is composed of both mass and energy, and I(u)
can be considered as Nehari functional. Further we define the Hilbert space

H={uc HR"Y): /]RN |z|?|u|?dz < oo},

the Nehari manifold
M = {u e H'(RY)\ {0} : I(u) = 0},
and the invariant manifolds
G={ueH:Pu) <dIu) >0}uU{0}
and
B={uveH:P(u) <dI(u) <0},

where

d= uléllf/l P(u).
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Remark 2.1. (i) For set G, we can obtain P(u) > 0 by I(u) > 0. So the set G is
equivalent to
G ={ueH|0<P(u) <d,I(u) >0}uU{0}.

(ii). For set B, if P(u) <0, we can get E(u) < 0, which is a sufficient condition
for finite time blowup, cf. [22]. Therefore, it is only necessary here to consider the
case of E(u) > 0, i.e., we only need

B' ={ueH|0<P(u) <dI(u) <0}.

The above remark is also applicable to sets G and B in Section 3.
For the Cauchy problem (2.1) of the second-order semilinear Schrédinger equa-
tion, we summarize some results established in [5, 16, 18, 19, 21, 22] as follows.

Theorem 2.2. Assume that ug € H and p satisfies the embedding condition

4 {+oo, N=1,2

—<p<q 4
N v N>2

(i) (Local existence [5, 19]) There exists T > 0 and a unique local solution
u(z,t) of problem (2.1) in C ([0, Tmax); H). Moreover if
Thax = sup{T > 0: u = wu(x,t) exists on [0,T]} < co

then
im lull = oo (blowup),

otherwise Tnax = 00 (global existence).
(ii) (Conservation laws [5, 18]) For the solution in (i),

/ lu(t)? :/ luo|?dx  (mass conservation),
RN RN
E(u(t)) = E(ug) (energy conservation),
P(u(t)) = Pluo).
(ili) d >0, cf. [16, 21].
(iv) (Global existence [22]) If ug € G, then the solution of problem (2.1) is
global.

(v) (Blowup [22]) If ug € B, then the solution of problem (2.1) blows up in
finite time.

In fact, although [22] proved the blowup solution by a variance of the argument in
[18], there is no explicit computation of J”(t). Now we give the specific computation
of J”(t) for the Cauchy problem (2.1).

Theorem 2.3. Assume that ug € B, u(z,t) € ([0,T); H) is the solution of (2.1).
Let J(t) = [on |2]?|ul?dz, then

Np
J”(t) = S/RN <|VU|2 - m|u|p+2>d$

Proof. First

J(t) = / |2 |? (utty + ) do = / 2|2 (g + ) doe = 2Re/ || 2ty da.
RN RN RN
(2.2)
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Multiplying both sides of (2.1) by 4, we have
ur = (Au+ |ulPu) .

Substituting the above equation into (2.2) we have

y@):zRg/ il2[28 (Au + [ulPu) do
RN

=— QIm/ |z|?a (Au + |u|Pu) dz
RN

= 2Im/ |z|? (@A + |u[PT?) dx
RN

=—2Im |z|? aAudz
RN

=2Im |z|?uAadz,
RN

further

J'(t) =2 Im/ |z|? (us At 4 uliiy) da
RN

:QIm/ (|z|*u A+ A(|zPu)ty) do
_2Im/ (|x| utAu—i-utZa 2 (|2 [?w) )
_QIm/ (|a:| utAu—i-utZ <|x\2 ou

N axz ax’b

=2Im <|x| utAquut(QNquZLZacZ

=2 Im/ (|z|2utAﬂ + |z?u At + 4y (2Nu + 4 - Vu)) dz
RN

=4Im (Nu+ 2z - Vu) 4, dz.
RN

According to (2.1), we obtain

@ = —i(Ad+ |ulPa).

-u))dw
a0

=2 Im/ (|z|*ueAt + @y (2Nu + 4z - Vu + [2]*Au)) dz
RN

EJDE-2019/83

(2.3)
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Substituting the above equation into (2.3), we can get

J’(t) = —4Im - i (Nu+2x - Vu) (At + |u|Pu) dz

= —4Re/ (Nu + 2z - Vu)(Au + |u|Pa) dx
RN

*—4(Re/ (Nu—|—2:c-Vu)Aﬂd:c—|—Re/ (Nu+2z~Vu)|u\pﬂdx)
RN RN

=—4(I, + Io),
(2.5)
where
I, .= Re/ (Nu+2x - Vu) Audr and I := Re/ (Nu+ 2z - Vu) [ulPudz.
RN R

N

For I; and I, we have
I, =N Re/ uAudzr + 2Re/ (z - Vu)Audx
RN RN

=N [ |Vul|’dz—2Re / V(z - Vu)Vidzr
N

RN
N
ox; Z Yoz, O ) 8x1

:—N/ \Vu|dx—2Re/ Z
RN % -
=— N \Vu|2dx—2Re/ ZZ 9 4
RN RN dx; 3:@ ox;

21]1

ou 8u
— 2 _
= N/ \Vu|?dz 2Re/ Zaxz axz
N N 2
‘2RQ/RNZZ " G 5
:—N/ \Vu|2dx—2/ |Vu|*dx
RN RN
N N _ _
0*u  Ou 0*u  Ou
~ Re /RN z_: z_:xj ((9.’1318$j 8331' + (9.’1318$] 83}1>dx

sz/ \Vu|2d£13*2/ |VU|2dCL’*Re/ ZZ Jax ((95:2 SZ)dz

=1 j=1

:fN/ \Vu|2dx72/ |Vu|2dx7Re/ x - V|Vul|?dx
RN RN RN

:—N/ \vu|2dx—2/ |Vu|2dx+N/ |Vu|?dx
RN RN RN

= — 2/ |Vu|>da
RN
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and
I, :N/ |u\p+2dx+Re/ z - (Jul? (aVu 4+ uVa)) de

RN RN

=N |u[PT2dx + Re/ z - (JulPV (uw)) dz
RN RN

=N |u\p+2d:c+Re/ x- ((\u|2)p/2V\u|2)dac
RN RN

pt2

2
=N |u\p+2dx+7Re/ z-V(|lul?) = do
RN p+2 RN

2N
=N |u[PT2dx — 7Re/ |ulP T2 dx
RN p+2 RN
N
=P Re/ luP*2da.
p—|—2 RN

Substituting the above equation and (2.6) into (2.5), finally we derive

Np
" — 4 -2 2 B / p+2
J'(t) = ( /]RN |[Vu|*dx + 5 Re o |l da:)

Np
— 2 p+2
_8/sz <|Vu\ 20 2)|u| )da:.

Then the proof is complete. O

Remark 2.4. From the above structure of J”(¢) and I(u), we easily judge that
J”(t) < 0 in the case of I(u) < 0, further the blowup of solution for the second-order
semilinear Schrédinger equation is derived.

3. NONLINEAR FOURTH-ORDER SCHRODINGER EQUATION

In this section, we consider the nonlinear fourth-order Schrodinger equation for
the Cauchy problem (1.1). First we define the space

H2:{u€H2(RN):/ |2|?|u?dz < 0o}, (3.1)
RN
the energy functional
1 1 1
Bu(®) = [ (5IVul + 5 Auf? - ——ul*?)d 3.2
(wlt) = [ | (FIV0P + 5180 = —jul ) da (32)
and the auxiliary functionals
1 1 1 1
Plu) = (7 2, 1 2 Al — p+2)d’
(W) = [, (Gl + 5190 + F1AuP = —jup*2)da
and
I(u) :/ (juP? + 9P + |Auf? - ﬂwﬂ)d%
RN 2(p+2)

where P(u) is composed of both mass and energy, and I(u) is considered as a Nehari
functional. The Nehari manifold is

M = {uec H*\ {0} : I(u) = 0}.
Then we introduce the stable set G and unstable set B:
G = {u € H?|P(u) < d,I(u) >0} U {0}
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and
B = {u € H?*|P(u) < d,I(u) <0},

where d = inf,cpr P(u).
Now we state the local existence theory of solution for the Cauchy problem (1.1).

Lemma 3.1 (Local existence [10]). Let ug € H?, there exists a value T > 0 and a
unique local solution u(z,t) of the problem (1.1) in C([0,T]; H?). Moreover if

Thax =sup{T > 0: u = u(z, t) exists on [0, T|} < 00
then

lim |jul|gz =00  (blowup),
t—1T,

otherwise T = oo (global existence).

Next we consider the conservation laws for the fourth order case.

Lemma 3.2 (Conservation laws). Let ug € H? and u € ([0,T); H?) be the unique
solution of problem (1.1), then

/ lu(t)|> = / luo|?dx  (mass conservation), (3.3)

RN RN
E(u(t)) = E(ug) (energy conservation,), (3.4)
P(u(t)) = P(up).- (3.5)

Proof. From the definition of the energy functional E(u(t)) and the auxiliary func-
tional P(u(t)), we have

%(/RN |u|2dx) :%(/RN uﬂdx)

:/ (uliy + upn) da
RN

(3.6)
:/ (us@ + ug) dx
RN
:2Re/ wuy dx.
RN
Multiplying both sides of (1.1) by @, we derive
auy = i(aAu — aA%u + |[ulPT). (3.7

Substituting (3.7) into (3.6) we have
4 / lu|?dx | =2 Re/ i (aAu — uA*u + |ulP?) do
dt RN RN

=—2Im (aAu — aA®u + [u[PT?) dz
RN

=2 Im/ (IVul® + [Au* = [ufP?) dz = 0,
RN

so (3.3) holds.
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Then we prove the energy conservation as follows

a _d Lo Lia e b pro
g Pe®) =5 (/RN <2|v“| +51Aql Pt 5l )dx)
d

:a(/RN (%Vu~Vﬂ+ %AUAE— pi2(ua)%2>dm>

1 1
= /N (5 (Vut -Vu+ Vu - Vﬂt) + 5 (AutAﬂ + AUAat)
R

1
- 5(@)”/2 (us@t 4 uiiy) )dm

:/RN (5 (Vo Va+ Vi T) + 5 (Auwpa + Bale)

1 S
— §(u11)7"/2 (us@ + uliy) )dm

=Re / ((Vut Vi) + (AugAl) — (uﬂ)p/z(utﬂ)>dx
RN
= — Re/ (w AU — w A0 + |ulPauy) do
RN
= Re/ uy (A — A*u+ |ufPa) dz.
RN

Multiplying both sides of (1.1) by 4, we obtain
ilue|* = 1ty (Au— APu+ |ulPu) .
Then substituting the above equation into (3.8) gives

d

—(E(u(t))) = Re/ i|ug|? do = flm/ |ug|? dz = 0,
dt RN RN

thus (3.4) holds. Combining (3.3) and (3.4), we obtain (3.5).

O

As shown in [4], the negative initial energy (E(ug) < 0) is currently the sufficient
condition for blowup of the Cauchy problem (1.1), i.e., in this case, it is impossible
to divide the initial condition to obtain the sharp condition of global existence and
blowup in the frame of the variational method. Therefore, we only consider the case
of 0 < E(ug) < d and try to build a similar result to the second-order semilinear

Schrédinger equation. First we need to verify d > 0.

Lemma 3.3. The depth of the potential well is positive, i.e., d > 0.

Proof. When u € M, according to Sobolev embedding inequalities, we have

/ (|vu|2+\u|2)dxg/ (Vul® + [uf® + |Auf?) de
RN RN

N
__Np /|u\P+2dx
2(p+2) RN
pt2

2(;\:]—?2)</RNC(|VU|2+‘U|2) dm) o

IN
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where ¢ denotes positive Sobolev embedding constant. Let C' be a positive constant

2(p+2)\2/p —pt2
Np ) ¢

that may vary from line to line. If C' = ( » , then

0<C§/m0vm?+wﬂdm (3.9)
RN

From the definition of P(u) and (3.9), we have
1

1 1 1
Plu) — (7 2 L vl + S |Aul? — —— p+2>d
) = [ (Gl + 5190 + FIAuf — —[ul?*)da

(11 .2(]9-1-2) 2 2 2
-5 ;IE—A—N;—)néN(m|+¢Vu|+¢Au\)dm

1 2 2 N
- bt )/’ (1l + 1Vl + |Auf? = o= fu+? ) da
N

p+2 Np Ju 2(p+2)
Np—2 2 2 2
_ Aul?) d
i | (P + [ + [Auf?) do
Np—2 2 2
> d
2NptéNuvm<+m|)x
>C > 0.
Then finally we obtain d > C > 0. O

Next we construct the invariant sets G and B under the flow generated by the
Cauchy problem of the fourth-order semilinear Schrodinger equation. With these
invariant sets, we desire to establish a criterion for global existence and blowup of
solution to the Cauchy problem (1.1) similar to the case of second-order semilinear
Schrodinger equation. Here the invariant set G is used to describe the initial data
leading to the global solution, and the invariant set B is expected to be the manifold
for the initial data yielding the blowup solution although in this paper we fail to
prove it, and our aim is to explain the reason of this failure in detail. Hence the
introduction of B and its invariance are important in this sense.

Theorem 3.4. The sets G and B are invariant manifolds.

Proof. We only prove that G is invariant; the proof for B is similar. Suppose
up € G, we claim that u(t) € G for every t € (0,T).

(i) When ug = 0, according to the mass conservation law (3.3), we know that
u(x,t) = 0 for any ¢t € [0,7). Namely, u(t) = 0 is the trivial solution of the problem
(1.1), that is u(t) € G for t € (0,T).

(ii) When ug # 0, according to (3.5) we have

P(u(t)) = P(ug) <d forte (0,T). (3.10)
Arguing by contradiction, we assume that there exists a first time ¢; € (0,7, such
that I(u(t1)) = 0, and I(u(t)) > 0 for any ¢t € (0,¢1). Obviously, u(t;) # 0. In
fact, if u(t;) = 0, according to mass conservation law (3.3), we have ug = 0, which
contradicts to ug # 0. Hence from the definition of d, we have
P(u(t1)) = d,
which contradicts (3.10), and means u(z,t) € G for any ¢ € (0,T). O

Theorem 3.5. If ug € G, the solution u(z,t) of the initial value problem (1.1) is
global, i.e., the maximum existence time T = oo.
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Proof. When ug € G, according to Theorem 3.4, for any ¢ € [0,T'), we have u(z,t) €
G, hence

1 1 1 1
d> P(u) = (7 24 |Vl 4 Z|Auf? — —— p+2)d
> P(u) /RN 310l + 5Vl + 5 [Auf? = —jult?) de

(11 '2(p+2)/ 2 2 2
_(2 p7+2 7Np ) - (|u\ + |Vul|* + |Au| )dx

1 2(P+2)/ 2 2 2 Np 2
+— (u + |Vul® + |Au —7up+)dx

/ (jul? + |Vuf? + |Aul?) dr,
RN

ie.,
2dNp
Vul? >+ |Auf?) dz < .
[ OVl P+ ) de < 050
Then according to Lemma 3.1, the existence time of a local solution of the initial
value problem (1.1) can be extended to infinity, thus the solution of the problem

(1.1) is global. O

Indeed here we are supposed to give the finite time blowup theorem of problem
(1.1) for 0 < E(ug) < d, but we have to concede that it is an impossible task in this
paper. However, we do not want to stop in this way, instead, we like to analyze
the reason. As the fourth-order semilinear Schrédinger equation has a different
structure from that the second-order semilinear Schréodinger equation has, we can
not directly employ the result of J”(t) for the second-order semilinear Schrédinger
equation to the fourth order nonlinear Schrodinger equation. Next we shall show
that the J”(t) for the fourth-order nonlinear Schrédinger equation is very different
from the J”(t) for the second-order semilinear Schrodinger equation, by giving
the detailed computation of J”(¢). Remark 3.7 points out the main difficulties of
proving the finite time blowup of fourth-order semilinear Schrédinger equation in
frame of potential well theory, also the wrong proof in [15].

First we present the computation of J”(¢t) related to fourth-order Schrodinger
equation.

Theorem 3.6. Assume that ug € B and u € C%([0,T); H?) is the solution of
Problem (1.1). Let J(t) = [on |2|?|ul?dz, then
J"(t) :8(4/ |V(Au)|2dx+4/ \Au|2dx+/ |Vu|2dx)
RN RN RN

Np
p+2 RN

+4Re/ |ulPuz - V(Aﬂ)dx).
RN

+ 4( - |u[PT2dx + (2N + 4) Re/ |u|PuAade

RN

Proof. First
T'() :/ 2| (utty + aue) da
RN

:/ |z|? (g + uy) do (3.11)
]RN

:2Re/ || 2ty de.
RN
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Multiplying both sides of (1.1) by 4, we have
up =i (Au— A%u+ [ufPu) . (3.12)
Substituting the above equation into (3.11), we obtain
J'(t) =2 Re/ ilz)*a (Au — A%u+ |ufPu) dx
RN

=—2Im z°a (Au — A%u + |ulPu) dx
RN

=—2Im |2|? (aAu — aA%u + [u[PT?) dz
RN

=—2Im |z|? (2Au — uA®u) dz.
RN

Differentiating the above equation with respect to ¢, we obtain

J"(t) = —2Im /RN || (@ Au+ ulAuy — A% — ﬂAzut) dz
=-2I > (wAu+ uluy) d
m - |z|* (a:Au + ©Auy) d (3.13)
+2Im l2f? (A% + uAuy) da
RN

=— 2K + 2K,

where

K = Im/ |z|? (@ Au + @A) dz, Ki :=Im 2% (2 A%u + uAuy) da.
RN RN

Further we have

K, :Im/ (Jz[*aAu+ A (|z[*0) u) do
RN

= Im/ (Jz[*@Au+ uy (2N@ + 4o - Vu + [z[*An)) do
RN

= Im/ <|x\2atAu + |z?u Au + u (2N G + 4z - Va)) dz
RN

=2Im w (N@ + 2z - Va) dz
RN

and

Ky =Im (Jz]*a A% + A (|2|°0) Auy) dz
RN
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_Im/ (\x|2utA u—i—AutZ (9 )dw
=Im (\ |2, A u—|—Autz (23: u+|x\2§x_))d3§
o (

N _
‘CU|2utA2u—|—Au,g(2]\7u—|—4z:x2 n ‘x|2zaiu>)dx
— Or;

=Im (|z|*a@ A% + Auy (2N + 4 - Vi + [z>Ag)) dz
RN

=Im (|z|PaA%u + uy (2NAU+ 4A(z - Va) + A (|z[2Ag))) dz

RN

_Im/ \J;|2utA u+ut<2NAu+4Z o (i( ))

Jj=1
0?
i=1 g

=1Im (|z|*a@ A% + 2Nu, Aw) dz

RN

N N _ N )
it (22 o) + 3y (a1 )

=1

=Im (|z|*a@ A% + 2Nu, A) dz
RN

0%u
+4Im ut Z Z ox; (8% / Bxiaxj )daz

+Im/ u (2NAu+4Zx'u+|x|2i82Au)dx
RN ' i=1 Z&zri i 6:612

i=1

= Im/ (\x|2ﬂtA2u + 2NutAﬂ> dx
RN

+4lm RN ut(2 Zi:l Ox? ZZ (xj 0220w, )) v
+ Im Uy (2NA€L+4z~V(Aﬁ)+ || Azﬂ)daz
RN

:Im/ (|z|*a A% + 2Nu, Aw) dz
RN

N

I IRTICICES ») of (o () P&

RN =1 j=1

+Im (ut (2NAG + 4z - V(A7) + |x|2ﬂtA2u) dz
RN
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=4Tm us (NAG + x - V(Au)) dz + 4Im ut (2A0 + x - V(Au)) de
RN RN

=4Tm ug (NAG + 2x - V(Au) 4+ 2A4) dx
RN

Substituting (3.14) and the above expression into (3.13), we derive

J't)=—4Im | u; (Nu+ 2z -Va)dr
RN

+ 81Im u (NAT + 22 - V(AT) 4+ 2A0) dx (3.15)
RN

=4Tm ur (2N +4)Au + 4z - V(Aw) — Na — 2z - Va) dz
RN

Substituting (3.12) into the above equation, we have

J'(t) =4Tm [ i (Au— A%+ |ufPu) ((2N + 4)AG + 4z - V(A7)
RN

— Nu—2x- Vﬂ)dw
—4 Re/ (Au— A%+ fupu) (@N + 9)Aa+4z-V(an) 10
RN

— Na—2z- Va)dx
=4 (I, — Iz + I3),

where

I, :=Re Au((2N +4)Aa + 4z - V(AuG) — Nu — 2z - Va) dz
RN

I:=Re [ A%u((2N +4)At + 4z - V(Ad) — Na — 2z - Va) du,
RN

I3 := Re/ |ulPu ((2N + 4)Atu + 4z - V(A@) — Nu — 2z - Va) dx.
RN
Further we derive

I =(2N + 4)/ |Au|*dz + Re/ (4z - V(Aw)Au — NuAu — 2z - VaAu) dz
RN RN

:(2N+4)/ |Au|2dx+N/ |Vu|*dz
RN RN

—|—Re/RN (42@(% “Au) +2V(m-Vﬂ).Vu)da:

—=(2N +4) /

RN

ehe [ (230 (Pt 22 )

i=1

|Au|?dx + N/ |Vul|*dx
RN

N

23 (3 (e ) o

j=1
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:(2N+4)/ |Au|2dx—|—N/ |Vu|*dz

+Re/(zmz (AuAa) + i::i::

:(2N+4)/ |Au|2d1:+N/ |Vu|*dx
RN

(a5 )

+Re/ (2x V|Au|2+22 Ou 8u QEN:EN:x O @)d:ﬁ
RN T 001 1025 04
:(2N+4)/ |Au|2d:c+N/ |Vu|2dx—2N/ |Au|dx
RN RN RN
N N
0%u  Ou 0%u  Ou
2 24 (2L, TR TN
+ /RN [Vl erRe/RN (sz](axiax- ox; + Ox;0x; (')xi)) *
i=1 j=1 J J
:4/ \Au|2da:+(N+2)/ |Vu|*dx
RN RN
N N
0 (0u Ju
vre [ (X3 0 (g ac) )

:4/ \Au|2d:z:+(N+2)/ |Vu|2dx+Re/ x - V|Vu|?dx
RN RN RN

:4/ \Au|2dx+(N+2)/ |Vu|2dfo/ \Vu|?dx
RN RN RN

:4/ \Au|2dx+2/ |Vul|*d,
RN RN

12:—(2N+4)/

IV (Aw)[2dz — N/ |Auf2dz
RN RN

+4Re A?uzx - V(Au)dr — 2 Re APuz - Vaudz
RN RN

—(2N+4)/ |V(Au)|2dx—N/ Auf2dz
RN

RN

—4Re V(Au) -V (z-V(Au))dz — 2Re AuA(z - Va)dx
RN RN

—(2N+4)/ |V(Au)|2da:—N/N |Au|*dz

RN

OAu 8 /<N 9AT
_4Re/]RNiZ 8$1 81‘2(2 J )

—2Re/ Auz (i\’: au)dm
—(2N+4)/

RN

|V(Au)2dz — N/ |Au|?dx
RN
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0Au 0 0Aw
— 4R d
[ e () o
2
“ome [ Auzzax ( j) dr

i=1 j=1

- (2N+4)/ |V(Au)|2d:r—N/ |Au|?dx
0Au (0Au 0’ At
f4Re/ ZZ Oz, (ax ja:c,»aa:j) de
dx; Ou *u
—92 A J 7 -
Re/ uz;; 8% (81@ al'j + i Bazzax]> du
—(2N+4)/ |V(Au)|2dx—N/ |Auf?dz
RN

0Au aAu
—4 —4 Aul?d
/]RN ; 8951 ox; /RN | U| .

K2

OAu 0?Au  OAu 9*Au
-2
Re/ ;;l’] < (91‘z [“):cjaxi + (9!1)2‘ a.Tjaxi) du

83a
—2Re/ Auzz%épm 8x

i=1 j=1

—(2N+4)/ |V(Au)|2dx—N/ Auf?dz
RN RN

_4/ \V(Au)|2daz—4/ Aul2dz
RN RN
N

N N
0 [0AuJdAu 0Au
Re /RN o m] 81}] ( axz 6:01 ) dx 2Re ‘/RN Auj:1 x] 6:6] dzx

—(2N+8)/ |V(Au)|2dx—(N+4)/ |Aul?dz
RN
0Ax JAu
2 _
_2Re/RNac VIV(Au)| d:v—Re/ ij <A oz, Au) dx
—(2N+8)/ |V(Au)|2dx—(N+4)/ |Au|?da

+ 2N/ V(Au) 2d:c — Re/ ij AuAu
:—8/ IV (Au)|*dx — (N+4)/ |Au|2dm—Re/ x - V|Au|?dx
RN RN RN

:—8/ \V(Au)|2d:v—(N+4)/ |Au|2dac+N/ |Au|?dx
RN RN RN
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. 8/ IV (Aw)|2dz — 4/ |Aul2d
RN RN
and

I;=—N |u[PT2dx + (2N + 4) Re/ lulPuAade
RN RN

+ 4Re/ |u|Puz - V(Aa)dx — 2Re/ |ulPx - (uVa)dz
RN R

N

=— N/ |u[PT2dx 4 (2N + 4) Re/ lulPulAtdx
RN RN
+ 4Re/ |ulPuz - V(Aw)dz — Re/ lulPz - (uVa + aVu) dx
RN RN
=— N/ |u[PT2dx 4 (2N + 4) Re/ |u|Puladx
RN RN

+4Re /RN |ulPuz - V(Aw)dz — Re/]R x - ((uﬂ)p/QV(uﬂ)) dx

N

=— N/ |u[PT?dx 4 (2N + 4) Re/ |u|Pulade
RN RN

2 pt2
+4Re/ [uPuzx - V(Au)dx — 7Re/ z- V(uﬂ)%dx
RN p+2 RN

=— N/ |ulPT2dx 4 (2N + 4) Re/ |u|Pulade
RN RN

2N
+ 4Re/ |u|Pux - V(Au)de + —— Re/ |u|PT2dx
RN p+ 2 RN

N
:_777/ |u|p+2d9:—|—(2N+4)R€/ |u|Puliidz
p+2 RN RN

+ 4Re/ |u|Puz - V(Au)dx.
]RN
Substituting the above equalities for I, I and I3 into (3.16), we have
J"(t) :4(4/ |Au|2dx+2/ \Vu\de)
RN RN

+4(8/ |V(Au)\2dm+4/ )
RN RN

Np p+2 PyAG

+4( 232 Jon |u|P™dx 4+ (2N + 4) Re - |u|Pulade

+4Re/ julPuz - V(Ad)dr ) (3.17)
RN

:8(4/ |V(Au)|2dx+4/ \Au|2dm+/ |Vu|2dx>
RN RN RN

N
+4(77P/ |U\P+2d:c+(2N+4)Re/ lulPuAudx
p+2 Jrn RN

+4Re/ |ulPuz - V(Aﬂ)dx).
RN

The proof is complete. O
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Remark 3.7. Based on the explicit expression of J”(t), obviously, we cannot
determine the sign of J”(¢) from I(u) < 0. On the other hand, the form of J”(t) is
more complicated than J”(t) in Section 2, which leads to great difficulties in proving
the finite time blowup of solution if we adapt the arguments in [18]. Meanwhile, we
point out that the proof of [15, Theorem 3.3] does not hold because they used the
J”(t) for the classical second-order Schrodinger equation, which is very different
from J”(t) for the fourth-order nonlinear Schrodinger equation. Hence the finite
time blowup of solutions to the Cauchy problem of the fourth-order semilinear
Schrodinger equation without radially initial data under 0 < E(ug) < d(d > 0) is
still an open problem.
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